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Econometrics Toolbox Product Description

Model and analyze financial and economic systems using statistical methods

1-2

Econometrics Toolbox™ provides functions for modeling economic data. You can select
and calibrate economic models for simulation and forecasting. For time series modeling
and analysis, the toolbox includes univariate ARMAX/GARCH composite models with
several GARCH variants, multivariate VARMAX models, and cointegration analysis.

It also provides methods for modeling economic systems using state-space models and
for estimating using the Kalman filter. You can use a variety of diagnostic functions for
model selection, including hypothesis, unit root, and stationarity tests.

Key Features

Univariate ARMAX/GARCH composite models, including EGARCH, GJR, and other
variants

Multivariate simulation and forecasting of VAR, VEC, and cointegrated models
State-space models and the Kalman filter for estimation

Tests for unit root (Dickey-Fuller, Phillips-Perron) and stationarity (Leybourne-
McCabe, KPSS)

Statistical tests, including likelihood ratio, LM, Wald, Engle’s ARCH, and Ljung-Box
Q

Cointegration tests, including Engle-Granger and Johansen

Diagnostics and utilities, including AIC/BIC model selection and partial-, auto-, and
cross-correlations

Hodrick-Prescott filter for business-cycle analysis
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Econometric Modeling

In this section...

“Model Selection” on page 1-3

“Econometrics Toolbox Features” on page 1-3

Model Selection

A probabilistic time series model is necessary for a wide variety of analysis goals,
including regression inference, forecasting, and Monte Carlo simulation. When selecting
a model, aim to find the most parsimonious model that adequately describes your data. A
simple model is easier to estimate, forecast, and interpret.

* Specification tests help you identify one or more model families that could plausibly
describe the data generating process.

*  Model comparisons help you compare the fit of competing models, with penalties for
complexity.

* Goodness-of-fit checks help you assess the in-sample adequacy of your model, verify
that all model assumptions hold, and evaluate out-of-sample forecast performance.

Model selection is an iterative process. When goodness-of-fit checks suggest model
assumptions are not satisfied—or the predictive performance of the model is not
satisfactory—consider making model adjustments. Additional specification tests, model
comparisons, and goodness-of-fit checks help guide this process.

Econometrics Toolbox Features

Modeling Features Related Functions
Questions

What is the * The conditional mean and variance models in this |* arima
dimension of toolbox are for modeling univariate, discrete data. |. egarch

my response . . o )
variable? Separate models are available for multivariate, . egcitest

discrete data, such as VAR and VEC models.

+  State-space models support univariate or ]
multivariate response variables. *oar
+ jcontest

* garch

¢ ssm
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Modeling Features Related Functions
Questions
* vgxpred
* vgxsim
+ vgxvarx
Is my time series Stationarity tests are available. If your data is * arima
stationary? not stationary, consider transforming your data. . jlOtest
Stationarity is the foundation of many time series
models. * kpsstest
Or, consider using a nonstationary ARIMA model if | ° Imctest
there is evidence of a unit root in your data.
Does my time Unit root tests are available. Evidence in favor + adftest
series have a unit of a unit root suggests your data is difference e
root? stationary. _
) . . . ) * 1l1l0test
You can difference a series with a unit root until
1t 1s stationary, or model it using a nonstationary * pptest

ARIMA model.

 vratiotest

How can I handle
seasonal effects?

You can deseasonalize (seasonally adjust) your
data. Use seasonal filters or regression models to
estimate the seasonal component.

Seasonal ARIMA models use seasonal differencing
to remove seasonal effects. You can also include
seasonal lags to model seasonal autocorrelation
(both additively and multiplicatively).

* arima

+ regARIMA

Is my data
autocorrelated?

Sample autocorrelation and partial autocorrelation
functions help identify autocorrelation.

Conduct a Ljung-Box Q-test to test autocorrelations
at several lags jointly.

If autocorrelation is present, consider using a
conditional mean model.

For regression models with autocorrelated errors,
consider using FGLS or HAC estimators. If the
error model structure is an ARIMA model, consider
using a regression model with ARIMA errors.

arima

* autocorr

+ Tfgls

* hac

+ lIbqgtest
* parcorr
+ regARIMA
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Modeling Features Related Functions
Questions
What if my data Looking for autocorrelation in the squared archtest
is heteroscedastic residual series is one way to detect conditional egarch
(exhibits heteroscedasticity. .
oy S

VOlatlh_ty ) Engle’s ARCH test evaluates evidence against e
clustering)? the null of independent innovations in favor of an garch

ARCH model alternative. aijr

To model conditional heteroscedasticity, consider hac

using a conditional variance model.

For regression models that exhibit heteroscedastic

errors, consider using FGLS or HAC estimators.
Is there an You can use a Student’s ¢ distribution to model arima
alternative to fatter tails than a Gaussian distribution (excess egarch
a Gaussian kurtosis).
innovation : : : bt garch

vary You can specify a ¢ innovation distribution for all ]

dlStHbutl,on for 0 conditional mean and variance models, and ARIMA ar
leptokurtic data’ error models in Econometrics Toolbox. regARIMA

You can estimate the degrees of freedom of the ¢

distribution along with other model parameters.
How do I decide You can compare nested models using aicbic
between these misspecification tests, such as the likelihood ratio Imtest
models? test, Wald’s test, or Lagrange multiplier test. _

. . Iratiotest

Information criteria, such as AIC or BIC, compare

model fit with a penalty for complexity. waldtest
Do I have two The Johansen and Engle-Granger cointegration egcitest
or I.norfhtiine tests assess evidence of cointegration. jcitest
series that are Consider using the VEC model for modelin -
cointegrated? & & Jcontest

multivariate, cointegrated series.

Also consider cointegration when regressing
time series. If present, it can introduce spurious
regression effects.
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Modeling Features Related Functions
Questions

What if I want to |©+ ARIMAX and VARX models are available in this * arima
include predictor toolbox. e
variables? + State-space models support predictor data. - vgxvarx
What if I want * Regression models with ARIMA errors are + fols

to implement available in this toolbox. . hac

regression, but
the classical
linear model
assumptions do
not apply?

* Regress robustly using FGLS or HAC estimators.

* For a series of examples on time series regression
techniques that illustrate common principles
and tasks in time series regression modeling, see
Econometrics Toolbox Examples.

*  For more regression options, see Statistics and
Machine Learning Toolbox™ documentation.

* mvregress
+ regARIMA

* regress (Statistics
and Machine
Learning Toolbox)

How do use the |Standard, linear state-space modeling is available in |ssm
Kalman filter to |this toolbox.
analyze several
unobservable,
linear, stochastic
time series
and several,
observable,
linear, stochastic
functions of
them?
Related Examples
. “Box-Jenkins Model Selection” on page 3-4
. “Detect Autocorrelation” on page 3-18
. “Detect ARCH Effects” on page 3-28
* “Unit Root Tests” on page 3-44
. “Time Series Regression I: Linear Models”
. “Time Series Regression II: Collinearity and Estimator Variance”
. “Time Series Regression III: Influential Observations”

1-6
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“Time Series Regression IV: Spurious Regression”

“Time Series Regression V: Predictor Selection”

“Time Series Regression VI: Residual Diagnostics”

“Time Series Regression VII: Forecasting”

“Time Series Regression VIII: Lagged Variables and Estimator Bias”
“Time Series Regression IX: Lag Order Selection”

“Time Series Regression X: Generalized Least Squares and HAC Estimators”

More About

“Trend-Stationary vs. Difference-Stationary Processes” on page 2-7
“Box-Jenkins Methodology” on page 3-2

“Goodness of Fit” on page 3-88

“Regression Models with Time Series Errors” on page 4-6
“Nonspherical Models” on page 3-94

“Conditional Mean Models” on page 5-3

“Conditional Variance Models” on page 6-2

“Vector Autoregressive (VAR) Models” on page 7-3

“Cointegration and Error Correction Analysis” on page 7-108

1-7
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Model Obijects, Properties, and Methods

1-8

In this section...

“Model Objects” on page 1-8

“Model Properties” on page 1-9

“Specify Models” on page 1-11

“Retrieve Model Properties” on page 1-16
“Modify Model Properties” on page 1-17
“Methods” on page 1-18

Model Obijects

After you have a potential model for your data, you must specify the model to MATLAB®
to proceed with your analysis. Econometrics Toolbox has model objects for storing
specified econometric models. For univariate, discrete time series analysis, there are five
available model objects:

+ arima— for integrated, autoregressive, moving average (ARIMA) models optionally
containing exogenous predictor variables.

+ garch — for generalized autoregressive conditional heteroscedaticity models
(GARCH)

+ egarch — for exponential GARCH models
+ gjr — for Glosten-Jagannathan-Runkle models

* regARIMA — for regression models with ARIMA errors

For multivariate, discrete time series analysis you can create a state-space model using
an ssm model obvect.

To create a model object, specify the form of your model to one of the model functions
(e.g., arima or garch). The function creates the model object of the corresponding type in
the MATLAB workspace, as shown in the figure.
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MATLAB Workspace

Proposed Specify Create

arima
Model (Software) yariable

You can work with model objects as you would with any other variable in MATLAB. For
example, you can assign the object variable a name, view it in the MATLAB Workspace,
and display its value in the Command Window by typing its name.

This image shows a workspace containing an ar ima model named Mdl.

4\ Workspace

MName Walue
&) pdl 1xl arima

Model Properties

A model object holds all the information necessary to estimate, simulate, and forecast
econometric models. This information includes the:

*  Parametric form of the model

*  Number of model parameters (e.g., the degree of the model)

* Innovation distribution (Gaussian or Student’s t)

*  Amount of presample data needed to initialize the model

Such pieces of information are properties of the model, which are stored as fields within

the model object. In this way, a model object resembles a MATLAB data structure
(struct array).

The five model types—arima, garch, egarch, gjr, and regARIMA—have properties
according to the econometric models they support. Each property has a predefined name,
which you cannot change.

1-9
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For example, arima supports conditional mean models (multiplicative and additive
AR, MA, ARMA, ARIMA, and ARIMAX processes). Every arima model object has these
properties, shown with their corresponding names.

Property Name Property Description

Constant Model constant

AR Nonseasonal AR coefficients

MA Nonseasonal MA coefficients

SAR Seasonal AR coefficients (in a multiplicative model)
SMA Seasonal MA coefficients (in a multiplicative model)
D Degree of nonseasonal differencing

Seasonality

Degree of seasonal differencing

Variance Variance of the innovation distribution

Distribution Parametric family of the innovation distribution

P Amount of presample data needed to initialize the AR
component of the model

Q Amount of presample data needed to initialize the MA

component of the model

When a model object exists in the workspace, double-click its name in the Workspace
window to open the Variable Editor. The Variable Editor shows all model properties and

their names.

1-10
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™ Variables - Mdl

VARIABLE

Ll ﬂ Open * Fows

New from [= Print. =
Selection E

VARIABLE SELE
| Ml |

IEI 1x1 arima

Property = Value

1] AR 12 cell
1] SAR 1} cetl
al ma 20 cell
1] sMma Iol) cell
Hp 0

H Seasonality 0

1 Constant 0

H Variance 0.2000

H Beta [1

:E' Distribution 11 struct

Notice that in addition to a name, each property has a value.

Specify Models

Specify a model by assigning values to model properties. You do not need, nor are you
able, to specify a value for every property. The constructor function assigns default

values to any properties you do not, or cannot, specify.

Tip It is good practice to be aware of the default property values for any model you create.

In addition to having a predefined name, each model property has a predefined data type.
When assigning or modifying a property’s value, the assignment must be consistent with

the property data type.

For example, the arima properties have these data types.

1-11
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Property Name Property Data Type

Constant Scalar

AR Cell array

MA Cell array

SAR Cell array

SMA Cell array

D Nonnegative integer

Seasonal ity Nonnegative integer

Variance Positive scalar

Distribution struct array

P Nonnegative integer (you cannot specify)
Q Nonnegative integer (you cannot specify)
Specify an AR(2) Model

To illustrate assigning property values, consider specifying the AR(2) model
I - “.Hyr 1 “.'.'..J!,f.' 2 + £y,

where the innovations are independent and identically distributed normal random
variables with mean 0 and variance 0.2. This is a conditional mean model, so use arima.
Assign values to model properties using name-value pair arguments.

This model has two AR coefficients, 0.8 and -0.2. Assign these values to the property AR
as a cell array, {0.8,-0.2}. Assign the value 0.2 to Variance, and 0 to Constant.
You do not need to assign a value to Distribution because the default innovation
distribution is "Gaussian”. There are no MA terms, seasonal terms, or degrees of
integration, so do not assign values to these properties. You cannot specify values for the
properties P and Q.

In summary, specify the model as follows:

Mdl = arima("AR",{0.8,-0.2}, "Variance",0.2,"Constant”,0)

Mdl =
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ARIMA(2,0,0)

Distribution:
P:

D:

Q:

Constant:

AR:

SAR:

MA:

SMA:
Variance:

Name = "Gaussian®

{0.8 -0.2} at Lags [1 2]
O
O

{3
0.2

The output displays the value of the created model, Mdl. Notice that the property
Seasonal ity is not in the output. Seasonal ity only displays for models with seasonal
integration. The property is still present, however, as seen in the Variable Editor.

1-13
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™ Variables - Mdl

id ﬁ[}penv Rows
New from (= Print = |

Selection
VARIABLE SELE
[ ndl |
@ 1: arima
Property = Value
] P 2
0} ]
jf} AR I cell
{} S4AR 1} cell
ﬂ MA Ll cell
{_}: ShA L0 cell
0] ]
Seasonality 0
- Constant ]
Variance 0.2000
Beta []
Dhstribution 1xl struct

MdI has values for every arima property, even though the specification included only
three. arima assigns default values for the unspecified properties. The values of SAR,
MA, and SMA are empty cell arrays because the model has no seasonal or MA terms.
The values of D and Seasonal ity are O because there is no nonseasonal or seasonal
differencing. arima sets:

* P equal to 2, the number of presample observations needed to initialize an AR(2)
model.
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* Qequal to O because there is no MA component to the model (i.e., no presample
innovations are needed).

Specify a GARCH(1,1) Model

As another illustration, consider specifying the GARCH(1,1) model

Ui = Ei,
where
Ep = i
] L) ]
oy = K4+mT_y +oE_,

Assume #t follows a standard normal distribution.

This model has one GARCH coefficient (corresponding to the lagged variance term) and
one ARCH coefficient (corresponding to the lagged squared innovation term), both with
unknown values. To specify this model, enter:

Mdl = garch("GARCH",NaN, "ARCH" ,NaN)

Mdl =

GARCH(1,1) Conditional Variance Model:

Distribution: Name = "Gaussian”
P: 1
Q: 1
Constant: NaN
GARCH: {NaN} at Lags [1]
ARCH: {NaN} at Lags [1]

The default value for the constant term is also NaN. Parameters with NaN values need to
be estimated or otherwise specified before you can forecast or simulate the model. There
is also a shorthand syntax to create a default GARCH(1,1) model:

mdl

garch(1,1)

Mdl =

GARCH(1,1) Conditional Variance Model:

1-15
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Distribution: Name = "Gaussian”
P: 1
Q: 1
Constant: NaN
GARCH: {NaN} at Lags [1]
ARCH: {NaN} at Lags [1]

The shorthand syntax returns a GARCH model with one GARCH coefficient and one
ARCH coefficient, with default NaN values.
Retrieve Model Properties

The property values in an existing model are retrievable. Working with models resembles
working with struct arrays because you can access model properties using dot notation.
That is, type the model name, then the property name, separated by . " (a period).

For example, consider the arima model with this AR(2) specification:
Mdl = arima("AR",{0.8,-0.2},"Variance®,0.2, "Constant”,0);
To display the value of the property AR for the created model, enter:

arCoefficients = Mdl.AR

arCoefficients

[0.8000] [-0.2000]

AR is a cell array, so you must use cell-array syntax. The coefficient cell arrays are lag-
indexed, so entering

secondARCoefficient = Mdl_AR{2}

secondARCoefficient =

-0.2000

returns the coefficient at lag 2. You can also assign any property value to a new variable:

ar = MdI_AR
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ar

[0.8000] [-0.2000]

Modify Model Properties

You can also modify model properties using dot notation. For example, consider this
AR(2) specification:

mdl = arima("AR",{0.8,-0.2}, "Variance®,0.2, "Constant”,0)

mdl

ARIMA(2,0,0) Model:

Distribution: Name = "Gaussian”

P: 2

D: O

Q: O

Constant: O
AR: {0.8 -0.2} at Lags [1 2]

SAR: {}

MA: {}

SMA: {}

Variance: 0.2

The created model has the default Gaussian innovation distribution. Change the
innovation distribution to a Student's ¢ distribution with eight degrees of freedom. The
data type for Distributionis a struct array.

Mdl.Distribution = struct("Name®,"t", "DoF",8)

mdl =

ARIMA(2,0,0) Model:

Distribution: Name = "t*, DoF = 8

P: 2
D: O
Q: O

1-17
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Constant: O
AR: {0.8 -0.2} at Lags [1 2]

SAR: {}
MA: {}
SMA: {}

Variance: 0.2

The variable Mdl is updated accordingly.

Methods

Methods are functions that accept models as inputs. In Econometrics Toolbox, these
functions accept arima, garch, egarch, gjr, and regARIMA models:

+ estimate

+ infer

+ forecast

+ simulate

Methods can distinguish between model objects (e.g., an arima model vs. a garch

model). That is, some methods accept different optional inputs and return different
outputs depending on the type of model that is input.

Find method reference pages for a specific model by entering, for example, doc
arima.estimate.

See Also
regARIMA | ssm | arima | egarch | garch | gjr | struct

Related Examples

. “Specify Conditional Mean Models Using arima” on page 5-6
. “Specify GARCH Models Using garch” on page 6-8

. “Specify EGARCH Models Using egarch” on page 6-19

. “Specify GJR Models Using gjr” on page 6-31

More About
. Using garch Objects

1-18
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Using egarch Objects

Using gjr Objects

“Econometric Modeling” on page 1-3
“Conditional Mean Models” on page 5-3

“Conditional Variance Models” on page 6-2

1-19
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In this section...
“What Is a Stochastic Process?” on page 1-20

“Stationary Processes” on page 1-21

“Linear Time Series Model” on page 1-22
“Lag Operator Notation” on page 1-22

“Characteristic Equation” on page 1-23

“Unit Root Process” on page 1-24

What Is a Stochastic Process?

A time series Yy, is a collection of observations on a variable indexed sequentially over
several time points ¢ = 1, 2,...,T. Time series observations yi, ys,...,yr are inherently
dependent. From a statistical modeling perspective, this means it is inappropriate to
treat a time series as a random sample of independent observations.

The goal of statistical modeling is finding a compact representation of the data-
generating process for your data. The statistical building block of econometric time series
modeling is the stochastic process. Heuristically, a stochastic process is a joint probability
distribution for a collection of random variables. By modeling the observed time series y;

as a realization from a stochastic process y = {yt t=1..T }, it 1s possible to accommodate

the high-dimensional and dependent nature of the data. The set of observation times T’
can be discrete or continuous. Figure 1-1 displays the monthly average CO, concentration
(ppm) recorded by the Mauna Loa Observatory in Hawaii from 1980 to 2012 [2].
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602 Concentration {ppm)

Monthly Average CO, Concentration over Mauna Loa Observatory (1980-2012)
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Figure 1-1. Monthly Average CO2

Stationary Processes

Stochastic processes are weakly stationary or covariance stationary (or simply, stationary)
if their first two moments are finite and constant over time. Specifically, if y, is a

stationary stochastic process, then for all ¢:
EQy) =p <oo.
Vv =o 2 <o,
Cou(y;, yin) = y5 for all lags ~ #0.

1-21
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Does a plot of your stochastic process seem to increase or decrease without bound? The
answer to this question indicates whether the stochastic process is stationary. “Yes”
indicates that the stochastic process might be nonstationary. In Monthly Average COZ2,
the concentration of CO; is increasing without bound which indicates a nonstationary
stochastic process.

Linear Time Series Model

Wold’s theorem [1] states that you can write all weakly stationary stochastic processes in
the general linear form

V=M ZWigt—i T &.
i=1

Here, £, denotes a sequence of uncorrelated (but not necessarily independent) random

variables from a well-defined probability distribution with mean zero. It is often called
the innovation process because it captures all new information in the system at time ¢.

Lag Operator Notation

The lag operator L operates on a time series y; such that L Ve =V -

An mth-degree lag polynomial of coefficients b4, bs,...,b,, is defined as
B(L)=(+bL+by[? +...+b, ™).

In lag operator notation, you can write the general linear model using an infinite-degree

polynomial y(L)=Q+y L +l//2L2 +..),

Yy =1 +y(L)g;.

You cannot estimate a model that has an infinite-degree polynomial of coefficients with

a finite amount of data. However, if V(L) ig a rational polynomial (or approximately
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rational), you can write it (at least approximately) as the quotient of two finite-degree
polynomials.

Define the g-degree polynomial 6(L) =(1+6;L+ 92L2 +...+ Oqu) and the p-degree

polynomial ¢(L) = (1+ ¢ L+ ¢ 12 +...+9,LP) . If YL is rational, then

_ow

L) .
viD=30)

Thus, by Wold’s theorem, you can model (or closely approximate) every stationary
stochastic process as

0(L)

=U+—g,,
Yr=H ¢(L)t

which has p + g coefficients (a finite number).

Characteristic Equation

A degree p characteristic polynomial of the linear times series model
Vi =01Yi1 + P2yt PpYip T & 18

#(a) =aP — gaP™! - goal 2 — = O

It is another way to assess that a series is a stationary process. For example, the

characteristic equation of y, = 0.5y, 1 —=0.02y,_5 +¢; is ¢(a) = a?®-0.5a+0.02.

The roots of the homogeneous characteristic equation ¢(a) =0 (called the characteristic

roots) determine whether the linear time series is stationary. If every root in ¢(a) lies

inside the unit circle, then the process is stationary. Roots lie within the unit circle if
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they have an absolute value less than one. This is a unit root process if one or more roots
lie inside the unit circle (i.e., have absolute value of one). Continuing the example, the

characteristic roots of ¢(a) =0 are a ={0.4562,0.0438}. Since the absolute values of these

roots are less than one, the linear time series model is stationary.

Unit Root Process

A linear time series model is a unit root process if the solution set to its characteristic
equation contains a root that is on the unit circle (i.e., has an absolute value of one).
Subsequently, the expected value, variance, or covariance of the elements of the
stochastic process grows with time, and therefore is nonstationary. If your series has a
unit root, then differencing it might make it stationary.

For example, consider the linear time series model y, =y, | +¢&;, where &, is a white

noise sequence of innovations with variance o (this is called the random walk). The
characteristic equation of this model is z—1 =0, which has a root of one. If the initial

t
observation y, is fixed, then you can write the model as y, =y, + Zsi. Its expected value
1=1
is yo, which is independent of time. However, the variance of the series is to?, which
grows with time making the series unstable. Take the first difference to transform the

series and the model becomes d; = y, — y;_; = €;. The characteristic equation for this

series is z =0, so it does not have a unit root. Note that

T E(d)=0, which is independent of time,

_ 2
Vid)=0%, which is independent of time, and

Cov(dy,d;_s) =0, which is independent of time for all integers 0 <s <t.

Monthly Average CO2 appears nonstationary. What happens if you plot the first
difference d; = y; — y;_1 of this series? Figure 1-2 displays the d;. Ignoring the fluctuations,
the stochastic process does not seem to increase or decrease in general. You can conclude
that d; is stationary, and that y; is unit root nonstationary. For details, see “Differencing”
on page 2-3.



Stochastic Process Characteristics

Monthly Difference of Average CO, Concentration over Mauna Loa (1980-2012)
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Figure 1-2. Monthly Difference in CO2
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Related Examples

. “Specify Conditional Mean Models Using arima” on page 5-6
. “Specify GARCH Models Using garch” on page 6-8

. “Specify EGARCH Models Using egarch” on page 6-19

. “Specify GJR Models Using gjr” on page 6-31

. “Simulate Stationary Processes” on page 5-151

. “Assess Stationarity of a Time Series” on page 3-58
More About

. “Econometric Modeling” on page 1-3

. “Conditional Mean Models” on page 5-3

. “Conditional Variance Models” on page 6-2
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2 Data Preprocessing

Data Transformations

In this section...

“Why Transform?” on page 2-2

“Common Data Transformations” on page 2-2

Why Transform?

You can transform time series to:

+ Isolate temporal components of interest.

*  Remove the effect of nuisance components (like seasonality).
*  Make a series stationary.

+  Reduce spurious regression effects.

+ Stabilize variability that grows with the level of the series.

* Make two or more time series more directly comparable.
You can choose among many data transformation to address these (and other) aims.

For example, you can use decomposition methods to describe and estimate time series
components. Seasonal adjustment is a decomposition method you can use to remove a
nuisance seasonal component.

Detrending and differencing are transformations you can use to address nonstationarity
due to a trending mean. Differencing can also help remove spurious regression effects
due to cointegration.

In general, if you apply a data transformation before modeling your data, you then need
to back-transform model forecasts to return to the original scale. This is not necessary in
Econometrics Toolbox if you are modeling difference-stationary data. Use arima to model
integrated series that are not a priori differenced. A key advantage of this is that arima
also returns forecasts on the original scale automatically.

Common Data Transformations

* “Detrending” on page 2-3
+ “Differencing” on page 2-3



Data Transformations

* “Log Transformations” on page 2-4

+  “Prices, Returns, and Compounding” on page 2-5
Detrending

Some nonstationary series can be modeled as the sum of a deterministic trend and a
stationary stochastic process. That is, you can write the series y; as

yt ::ut +8t7

where € is a stationary stochastic process with mean zero.

The deterministic trend, y;, can have multiple components, such as nonseasonal and
seasonal components. You can detrend (or decompose) the data to identify and estimate
its various components. The detrending process proceeds as follows:

1 Estimate the deterministic trend component.
2 Remove the trend from the original data.

3 (Optional) Model the remaining residual series with an appropriate stationary
stochastic process.

Several techniques are available for estimating the trend component. You can estimate it
parametrically using least squares, nonparametrically using filters (moving averages), or
a combination of both.

Detrending yields estimates of all trend and stochastic components, which might
be desirable. However, estimating trend components can require making additional
assumptions, performing extra steps, and estimating additional parameters.

Differencing

Differencing is an alternative transformation for removing a mean trend from a
nonstationary series. This approach is advocated in the Box-Jenkins approach to

model specification [1]. According to this methodology, the first step to build models is
differencing your data until it looks stationary. Differencing is appropriate for removing
stochastic trends (e.g., random walks).

Define the first difference as

Ay, =¥ —¥i1»
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where A is called the differencing operator. In lag operator notation, where r Yt = Ve-i»
Ay, =1 -L)y,.

You can create lag operator polynomial objects using LagOp.

Similarly, define the second difference as

A%y, ==Ly, = =31~ 01 = Y2) =5 — 29,1 + Y9

Like taking derivatives, taking a first difference makes a linear trend constant, taking

a second difference makes a quadratic trend constant, and so on for higher-degree
polynomials. Many complex stochastic trends can also be eliminated by taking relatively
low-order differences. Taking D differences makes a process with D unit roots stationary.

For series with seasonal periodicity, seasonal differencing can address seasonal unit
roots. For data with periodicity s (e.g., quarterly data have s = 4 and monthly data have s
= 12), the seasonal differencing operator is defined as

Ay = (1-L%)y, = Ye = Vs

Using a differencing transformation eliminates the intermediate estimation steps
required for detrending. However, this means you can’t obtain separate estimates of the
trend and stochastic components.

Log Transformations

For a series with exponential growth and variance that grows with the level of the
series, a log transformation can help linearize and stabilize the series. If you have
negative values in your time series, you should add a constant large enough to make all
observations greater than zero before taking the log transformation.

In some application areas, working with differenced, logged series is the norm. For
example, the first differences of a logged time series,

Alog y, = logy, —log y; 4,

are approximately the rates of change of the series.
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Prices, Returns, and Compounding

The rates of change of a price series are called returns. Whereas price series do not
typically fluctuate around a constant level, the returns series often looks stationary.
Thus, returns series are typically used instead of price series in many applications.

Denote successive price observations made at times ¢t and ¢ + 1 as y; and y1, respectively.
The continuously compounded returns series is the transformed series

Y+l
t

ry =log =logys 41 —1og y;.

This is the first difference of the log price series, and is sometimes called the log return.

An alternative transformation for price series is simple returns,

_ Yl Y _ Yl 1
Y Yy

Tt

For series with relatively high frequency (e.g., daily or weekly observations), the
difference between the two transformations is small. Econometrics Toolbox has
price2ret for converting price series to returns series (with either continuous or simple
compounding), and ret2price for the inverse operation.

References

[1] Box, G. E. P., G. M. Jenkins, and G. C. Reinsel. Time Series Analysis: Forecasting and
Control. 3rd ed. Englewood Cliffs, NJ: Prentice Hall, 1994.

See Also

LagOp | price2ret | ret2price

Related Examples

. “Moving Average Trend Estimation” on page 2-33

. “Nonseasonal Differencing” on page 2-18
. “Nonseasonal and Seasonal Differencing” on page 2-23
. “Parametric Trend Estimation” on page 2-37
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. “Specify Lag Operator Polynomials” on page 2-11

More About

. “Trend-Stationary vs. Difference-Stationary Processes” on page 2-7
. “Moving Average Filter” on page 2-31
. “Seasonal Adjustment” on page 2-54

. “Time Series Decomposition” on page 2-28
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Trend-Stationary vs. Difference-Stationary Processes

In this section...

“Nonstationary Processes” on page 2-7

“Trend Stationary” on page 2-9

“Difference Stationary” on page 2-9

Nonstationary Processes

The stationary stochastic process is a building block of many econometric time

series models. Many observed time series, however, have empirical features that are
inconsistent with the assumptions of stationarity. For example, the following plot shows
quarterly U.S. GDP measured from 1947 to 2005. There is a very obvious upward trend
in this series that one should incorporate into any model for the process.

load Data GDP

plot(Data)

x1im([0,234])

title("Quarterly U.S. GDP, 1947-2005")
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Quarterly U.S. GDP, 1947-2005
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A trending mean is a common violation of stationarity. There are two popular models for
nonstationary series with a trending mean.

*  Trend stationary: The mean trend is deterministic. Once the trend is estimated and
removed from the data, the residual series is a stationary stochastic process.

* Difference stationary: The mean trend is stochastic. Differencing the series D times
yields a stationary stochastic process.

The distinction between a deterministic and stochastic trend has important implications
for the long-term behavior of a process:

* Time series with a deterministic trend always revert to the trend in the long run (the
effects of shocks are eventually eliminated). Forecast intervals have constant width.
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+ Time series with a stochastic trend never recover from shocks to the system (the
effects of shocks are permanent). Forecast intervals grow over time.

Unfortunately, for any finite amount of data there is a deterministic and stochastic trend
that fits the data equally well (Hamilton, 1994). Unit root tests are a tool for assessing
the presence of a stochastic trend in an observed series.

Trend Stationary

You can write a trend-stationary process, y;, as
Y = Hy H&,

where:

M is a deterministic mean trend.
€; is a stationary stochastic process with mean zero.

In some applications, the trend is of primary interest. Time series decomposition methods

focus on decomposing Mt into different trend sources (e.g., secular trend component and
seasonal component). You can decompose series nonparametrically using filters (moving
averages), or parametrically using regression methods.

Given an estimate , you can explore the residual series Yt — 4 for autocorrelation, and
optionally model it using a stationary stochastic process model.

Difference Stationary

In the Box-Jenkins modeling approach [2], nonstationary time series are differenced
until stationarity is achieved. You can write a difference-stationary process, y;, as

ADyt =u+y(Le,,
where:

AP =1-L)P i5a Dth-degree differencing operator.
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2
w(L)=A+y L +y3L” +..) ig an infinite-degree lag operator polynomial with
absolutely summable coefficients and all roots lying outside the unit circle.

€; is an uncorrelated innovation process with mean zero.

Time series that can be made stationary by differencing are called integrated processes.
Specifically, when D differences are required to make a series stationary, that series is
said to be integrated of order D, denoted I(D). Processes with D > 1 are often said to have
a unit root.

References

[1] Hamilton, J. D. Time Series Analysis. Princeton, NdJ: Princeton University Press,
1994.

[2] Box, G. E. P., G. M. Jenkins, and G. C. Reinsel. Time Series Analysis: Forecasting and
Control. 3rd ed. Englewood Cliffs, NJ: Prentice Hall, 1994.

Related Examples

. “Nonseasonal Differencing” on page 2-18

. “Moving Average Trend Estimation” on page 2-33
. “Specify Lag Operator Polynomials” on page 2-11

More About
. “Moving Average Filter” on page 2-31

. “Time Series Decomposition” on page 2-28
. “ARIMA Model” on page 5-41
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Specify Lag Operator Polynomials

In this section...

“Lag Operator Polynomial of Coefficients” on page 2-11

“Difference Lag Operator Polynomials” on page 2-14

Lag Operator Polynomial of Coefficients

Define the lag operator L such that L'y, = y,;. An m-degree polynomial of coefficients A in
the lag operator L is given by

AL)= (A + A LM +...+ A, L™).

Here, the coefficient Ay corresponds to lag 0, A, corresponds to lag 1, and so on, to A,,,
which corresponds to lag m.

To specify a coefficient lag operator polynomial in Econometrics Toolbox, use LagOp.
Specify the (nonzero) coefficients A,,...,A,, as a cell array, and the lags of the nonzero
coefficients as a vector.

The coefficients of lag operator polynomial objects are designed to look and feel like
traditional MATLAB cell arrays. There is, however, an important difference: elements
of cell arrays are accessible by positive integer sequential indexing, i.e., 1, 2, 3,.... The
coefficients of lag operator polynomial objects are accessible by lag-based indexing. That
is, you can specify any nonnegative integer lags, including lag 0.

For example, consider specifying the polynomial A(L)=(1-0.3L + 0.6L%). This
polynomial has coefficient 1 at lag 0, coefficient —0.3 at lag 1, and coefficient 0.6 at lag 4.

Enter:
A = LagOp({1,-0.3,0.6},"Lags",[0,1,4])
A =

1-D Lag Operator Polynomial:

2-11
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Coefficients: [1 -0.3 0.6]
Lags: [0 1 4]
Degree: 4
Dimension: 1

The created lag operator object A corresponds to a lag operator polynomial of degree 4. A
LagOp object has a number of properties describing it:

+ Coefficients, a cell array of coefficients.
* Lags, a vector indicating the lags of nonzero coefficients.
+ Degree, the degree of the polynomial.

+ Dimension, the dimension of the polynomial (relevant for multivariate time series).

To access properties of the model, use dot notation. That is, enter the variable name and
then the property name, separated by a period. To access specific coefficients, use dot
notation along with cell array syntax (consistent with the CoefFicients data type).

To illustrate, returns the coefficient at lag 4:

A_Coefficients{4}

ans =

0.6000

Return the coefficient at lag O:

A_Coefficients{0}

ans =

This last command illustrates lag indexing. The index O is valid, and corresponds to the
lag 0 coefficient.

Notice what happens if you index a lag larger than the degree of the polynomial:

A_Coefficients{6}
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ans =

This does not return an error. Rather, it returns O, the coefficient at lag 6 (and all other
lags with coefficient zero).

Use similar syntax to add new nonzero coefficients. For example, to add the coefficient
0.4 at lag 6,

A_Coefficients{6} = 0.4

A =

1-D Lag Operator Polynomial:

Coefficients: [1 -0.3 0.6 0.4]
Lags: [0 1 4 6]
Degree: 6
Dimension: 1

The lag operator polynomial object A now has nonzero coefficients at lags 0, 1, 4, and 6,
and 1s degree 6.

When lag indices are placed inside of parentheses the result is another lag-based cell
array that represent a subset of the original polynomial.

A0 = A_Coefficients(0)

A0 =

1-D Lag-Indexed Cell Array Created at Lags [0] with
Non-Zero Coefficients at Lags [O]-

A0 is a new object that preserves lag-based indexing and is suitable for assignment to
and from lag operator polynomial.

class(A0)

ans =
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internal .econ.LaglndexedArray

In contrast, when lag indices are placed inside curly braces, the result is the same data
type as the indices themselves:

class(A.Coefficients{0})

ans =

double

Difference Lag Operator Polynomials

You can express the differencing operator, A, in lag operator polynomial notation as
A=(1-L).
More generally,

AP —a-1L)P.

To specify a first differencing operator polynomial using LagOp, specify coefficients 1 and
—1 at lags 0 and 1:

D1 = LagOp({1,-1},"Lags”,[0,1])

1-D Lag Operator Polynomial:

Coefficients: [1 -1]
Lags: [0 1]
Degree: 1
Dimension: 1

Similarly, the seasonal differencing operator in lag polynomial notation is

2-14
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A, =(1-I).

This has coefficients 1 and —1 at lags 0 and s, where s is the periodicity of the seasonality.
For example, for monthly data with periodicity s = 12,

D12

LagOp({1,-1},"Lags",[0,12])

D12 =

1-D Lag Operator Polynomial:

Coefficients: [1 -1]
Lags: [0 12]
Degree: 12
Dimension: 1

This results in a polynomial object with degree 12.
. C . . . . (1- L)D
When a difference lag operator polynomial is applied to a time series y;, t,

this is equivalent to filtering the time series. Note that filtering a time series using a
polynomial of degree D results in the loss of the first D observations.

2
Consider taking second differences of a time series y,, (I1-L)*¥;- You can write this
differencing polynomial as (1- L?=Q-L)1-L).

Create the second differencing polynomial by multiplying the polynomial D1 to itself to
get the second-degree differencing polynomial:

D2

D1*D1

1-D Lag Operator Polynomial:

Coefficients: [1 -2 1]
Lags: [0 1 2]
Degree: 2
Dimension: 1
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The coefficients in the second-degree differencing polynomial correspond to the
coefficients in the difference equation

(1-L) Ve =Y =2V 1+ Yoo
To see the effect of filtering (differencing) on the length of a time series, simulate a data

set with 10 observations to filter:

rng(“default®)
Y = randn(10,1);

Filter the time series Y using D2:
Yf = filter(D2,Y);
length(YT)

ans =

The filtered series has two observations less than the original series. The time indices for
the new series can be optionally returned:

[YFf,Tidx] = filter(D2,Y);
Tidx

Tidx =

OCoO~NOULhWN

Note that the time indices are given relative to time 0. That is, the original series
corresponds to times 0,...,9. The filtered series loses the observations at the first two
times (times 0 and 1), resulting in a series corresponding to times 2,...,9.
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You can also filter a time series, say Y, with a lag operator polynomial, say D2, using this

shorthand syntax:

YF = D2(Y);

See Also
filter | LagOp

Related Examples
. “Nonseasonal Differencing” on page 2-18
. “Nonseasonal and Seasonal Differencing” on page 2-23

. “Plot the Impulse Response Function” on page 5-88

More About

. “Moving Average Filter” on page 2-31
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Nonseasonal Differencing

This example shows how to take a nonseasonal difference of a time series. The time
series 1s quarterly U.S. GDP measured from 1947 to 2005.

Load the GDP data set included with the toolbox.

load Data GDP
Y Data;
N length(Y);

figure

plot(Y)
xIim([O,NT)
title("U.S. GDP")
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The time series has a clear upward trend.
Take a first difference of the series to remove the trend,

Ay =(1—L)ye =t — pe—1.

First create a differencing lag operator polynomial object, and then use it to filter the
observed series.

D1 = Lagop({]'!_l}’ .Lags. s [011]);
dy = filter(D1,Y);
figure

plot(2:N,dY)
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xhim([O,N])
title("First Differenced GDP Series™)
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The series still has some remaining upward trend after taking first differences.
Take a second difference of the series,
Aty = (1 - Ly = 1 — 2001 + W2

D2 = D1*D1;
ddy = filter(D2,Y);

figure
plot(3:N,ddY)
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xhim([O,N])
title("Second Differenced GDP Series™)

150

100

Second Differenced GDP Series

=

The second-differenced series appears more stationary.

See Also
filter | LagOp

Related Examples

“Nonseasonal and Seasonal Differencing” on page 2-23

“Specify Lag Operator Polynomials” on page 2-11
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More About
. “Data Transformations” on page 2-2
. “Trend-Stationary vs. Difference-Stationary Processes” on page 2-7
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Nonseasonal and Seasonal Differencing

This example shows how to apply both nonseasonal and seasonal differencing using lag
operator polynomial objects. The time series is monthly international airline passenger
counts from 1949 to 1960

Load the airline data set (Data_Airline.mat).

load(fullfile(matlabroot, "examples”, "econ”, "Data Airline.mat"))
y = log(Data);
T = length(y);

figure

plot(y)

hl = gca;

hil.XLim = [0,T];

hl_.XTick = [1:12:T];

hl.XTickLabel = datestr(dates(1:12:7),10);
title "Log Airline Passenger Counts”;
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Log Airline Passenger Counts
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The data shows a linear trend and a seasonal component with periodicity 12.

Take the first difference to address the linear trend, and the 12th difference to address
the periodicity. If ¥t is the series to be transformed, the transformation is

AAy, = (1- L)(1 - L2y,

where A denotes the difference operator, and L denotes the lag operator.

Create the lag operator polynomials 1 — L and 1

L'*. Then, multiply them to get the
desired lag operator polynomial.

D1 = LagOp({1 -1},"Lags",[0,1]);
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D12 = LagOp({1 -1}, "Lags”,[0,12]);
D = D1*D12

1-D Lag Operator Polynomial:

Coefficients: [1 -1 -1 1]
Lags: [0 1 12 13]
Degree: 13
Dimension: 1

The first polynomial, 1 — L, has coefficient 1 at lag 0 and coefficient -1 at lag 1. The

seasonal differencing polynomial, 1 — L'?, has coefficient 1 at lag 0, and -1 at lag 12. The
product of these polynomials is

(1-L)(1-L¥)=1-L-L24 L8,

which has coefficient 1 at lags 0 and 13, and coefficient -1 at lags 1 and 12.

Filter the data with differencing polynomial D to get the nonseasonally and seasonally
differenced series.

dy = filter(D,y);
length(y) - length(dY)

ans =

13

The filtered series is 13 observations shorter than the original series. This is due to
applying a degree 13 polynomial filter.

figure

plot(14:T,dY)

h2 = gca;

h2_XLim = [0,T];

h2_XTick = [1:12:T];

h2_XTickLabel = datestr(dates(1:12:T7),10);
axis tight;
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title "Differenced Log Airline Passenger Counts”;

Differenced Log Airline Passenger Counts
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The differenced series has neither the trend nor seasonal component exhibited by the
original series.

See Also
filter | LagOp

Related Examples
“Nonseasonal Differencing” on page 2-18

“Specify Lag Operator Polynomials” on page 2-11
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More About
. “Data Transformations” on page 2-2
. “Trend-Stationary vs. Difference-Stationary Processes” on page 2-7
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Time Series Decomposition

2-28

Time series decomposition involves separating a time series into several distinct
components. There are three components that are typically of interest:

T;, a deterministic, nonseasonal secular trend component. This component is
sometimes restricted to being a linear trend, though higher-degree polynomials are
also used.

S;, a deterministic seasonal component with known periodicity. This component
captures level shifts that repeat systematically within the same period (e.g., month or
quarter) between successive years. It is often considered to be a nuisance component,
and seasonal adjustment is a process for eliminating it.

I, a stochastic irregular component. This component is not necessarily a white noise
process. It can exhibit autocorrelation and cycles of unpredictable duration. For this
reason, it is often thought to contain information about the business cycle, and is
usually the most interesting component.

There are three functional forms that are most often used for representing a time series
¥, as a function of its trend, seasonal, and irregular components:

Additive decomposition, where

Yy =T, +8S, +1,.

This is the classical decomposition. It is appropriate when there is no exponential
growth in the series, and the amplitude of the seasonal component remains constant
over time. For identifiability from the trend component, the seasonal and irregular
components are assumed to fluctuate around zero.

Multiplicative decomposition, where

Yy = TySily.

This decomposition is appropriate when there is exponential growth in the series,
and the amplitude of the seasonal component grows with the level of the series. For
identifiability from the trend component, the seasonal and irregular components are
assumed to fluctuate around one.

Log-additive decomposition, where



Time Series Decomposition

logy, =T, +S; +1,.

This is an alternative to the multiplicative decomposition. If the original series has a
multiplicative decomposition, then the logged series has an additive decomposition.
Using the logs can be preferable when the time series contains many small
observations. For identifiability from the trend component, the seasonal and irregular
components are assumed to fluctuate around zero.

You can estimate the trend and seasonal components by using filters (moving averages)

or parametric regression models. Given estimates T; and St , the irregular component is
estimated as

using the multiplicative decomposition.

The series
¥e — T
(or yt/ T using the multiplicative decomposition) is called a detrended series.

Similarly, the series Yt ~ S; (or yt/ Sy ) is called a deseasonalized series.

Related Examples
. “Moving Average Trend Estimation” on page 2-33
. “Seasonal Adjustment Using a Stable Seasonal Filter” on page 2-57

. “Seasonal Adjustment Using S(n,m) Seasonal Filters” on page 2-64
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. “Parametric Trend Estimation” on page 2-37
More About
. “Data Transformations” on page 2-2

. “Moving Average Filter” on page 2-31
. “Seasonal Adjustment” on page 2-54
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Moving Average Filter

Some time series are decomposable into various trend components. To estimate a trend
component without making parametric assumptions, you can consider using a filter.

Filters are functions that turn one time series into another. By appropriate filter
selection, certain patterns in the original time series can be clarified or eliminated in the
new series. For example, a low-pass filter removes high frequency components, yielding
an estimate of the slow-moving trend.

A specific example of a linear filter is the moving average. Consider a time series y,, t =
1,...,N. A symmetric (centered) moving average filter of window length 2q + 1 is given by

9
my= Y, bjyejs 4<t<N-g.
Jj=q

You can choose any weights b; that sum to one. To estimate a slow-moving trend,

typically g = 2 is a good choice for quarterly data (a 5-term moving average), or g = 6 for
monthly data (a 13-term moving average). Because symmetric moving averages have

an odd number of terms, a reasonable choice for the weights is b; = 1/4q for j = +q, and
b= 1/2q otherwise. Implement a moving average by convolving a time series with a

vector of weights using conv.

You cannot apply a symmetric moving average to the g observations at the beginning
and end of the series. This results in observation loss. One option is to use an asymmetric
moving average at the ends of the series to preserve all observations.

See Also

conv

Related Examples
. “Moving Average Trend Estimation” on page 2-33

. “Parametric Trend Estimation” on page 2-37
More About
. “Data Transformations” on page 2-2
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. “Time Series Decomposition” on page 2-28

. “Seasonal Filters” on page 2-51
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Moving Average Trend Estimation

This example shows how to estimate long-term trend using a symmetric moving average
function. This is a convolution that you can implement using conv. The time series is
monthly international airline passenger counts from 1949 to 1960.

Load the airline data set (Data_Airline).

load(fullfile(matlabroot, "examples”, "econ”, "Data_Airline.mat"))
y = log(Data);
T = length(y);

figure

plot(y)

h = gca;

h_XLim = [0,T];

h_XTick = [1:12:T];

h_XTickLabel = datestr(dates(1:12:T7),10);
title "Log Airline Passenger Counts”;
hold on
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Log Airline Passenger Counts
'E"E‘ I T T T T

4.8 _,.'I III fJ Iil i

45 i i i i i i i i i i i i
1949 1950 1951 1952 1953 1954 1955 1956 1957 1958 1959 1960

The data shows a linear trend and a seasonal component with periodicity 12.

The periodicity of the data is monthly, so a 13-term moving average is a reasonable
choice for estimating the long-term trend. Use weight 1/24 for the first and last terms,

and weight 1/12 for the interior terms. Add the moving average trend estimate to the
observed time series plot.

wts = [1/24;repmat(1/12,11,1);1/24];
yS = conv(y,wts, "valid®);

plot(7:T-6,yS, "r","LineWidth",2);

legend("13-Term Moving Average®)
hold off
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Log Airline Passenger Counts
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When you use the shape parameter "valid" in the call to conv, observations at the
beginning and end of the series are lost. Here, the moving average has window length 13,
so the first and last 6 observations do not have smoothed values.

See Also

conv

Related Examples

. “Seasonal Adjustment Using a Stable Seasonal Filter” on page 2-57
. “Seasonal Adjustment Using S(n,m) Seasonal Filters” on page 2-64

. “Parametric Trend Estimation” on page 2-37
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More About

. “Time Series Decomposition” on page 2-28

. “Moving Average Filter” on page 2-31
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Parametric Trend Estimation

This example shows how to estimate nonseasonal and seasonal trend components using
parametric models. The time series is monthly accidental deaths in the U.S. from 1973 to
1978 (Brockwell and Davis, 2002).

Step 1: Load the Data

Load the accidental deaths data set.

load(fullfile(matlabroot, "examples”, "econ”, "Data_Accidental .mat™))
y = Data;
T = length(y);

figure

plot(y/1000)

hl = gca;

hl.XLim = [0,T];

hl1.XTick = 1:12:T;

hl_XTickLabel = datestr(dates(1:12:T),10);
title "Monthly Accidental Deaths”;

ylabel “Number of Deaths (in thousands)”;
hold on
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Monthly Accidental Deaths
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The data shows a potential quadratic trend and a strong seasonal component with
periodicity 12.

Step 2: Fit Quadratic Trend

Fit the polynomial

I. — _-".‘u + _-".‘|F + .:..'-rgfg

to the observed series.

@a:m-;
[ones(T,1) t t.~2];
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Mumber of Deaths (in thousands)

b = X\y;
tH = X*b;

h2 = plot(tH/1000,"r", LineWidth®,2);

legend(h2, "Quadratic Trend Estimate®)
hold off

Monthly Accidental Deaths
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Step 3. Detrend Original Series.

Subtract the fitted quadratic line from the original data.

Xt =y - tH;
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2-40

Step 4. Estimate Seasonal Indicator Variables

Create indicator (dummy) variables for each month. The first indicator is equal to one
for January observations, and zero otherwise. The second indicator is equal to one for
February observations, and zero otherwise. A total of 12 indicator variables are created
for the 12 months. Regress the detrended series against the seasonal indicators.

mo = repmat((1:12)",6,1);

sX = dummyvar(mo);

bS = sX\xt;

st = sX*bS;

figure

plot(st/1000)

title "Parametric Estimate of Seasonal Component (Indicators)”;
h3 = gca;

h3_.XLim = [0,T];

ylabel “Number of Deaths (in thousands)”;
h3.XTick = 1:12:T;

h3_.XTickLabel = datestr(dates(1:12:T7),10);



Parametric Trend Estimation

Parametric Estimate of Seasonal Component (Indicators)
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In this regression, all 12 seasonal indicators are included in the design matrix. To

prevent collinearity, an intercept term is not included (alternatively, you can include 11
indicators and an intercept term).

Step 5. Deseasonalize Original Series
Subtract the estimated seasonal component from the original series.
dt = y - st;

figure
plot(dt/1000)

title "Monthly Accidental Deaths (Deseasonalized)”;
h4 = gca;
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h4_XLim = [0,T];

ylabel “Number of Deaths (in thousands)®;
h4 _XTick = 1:12:T;

h4 _XTickLabel = datestr(dates(1:12:T7),10);

Monthly Accidental Deaths (Deseasonalized)
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The quadratic trend is much clearer with the seasonal component removed.

Step 6. Estimate Irregular Component

Subtract the trend and seasonal estimates from the original series. The remainder is an
estimate of the irregular component.

=y - tH - st;
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figure
plot(bt/1000)

title( Irregular Component®)

h5 = gca;
h5_XLim = [0,T];

ylabel “Number of Deaths (in thousands)”;

= =
= ra E=

Mumber of Deaths (in thousands)
=
ha

h5_XTick = 1:12:T;

h5_XTickLabel = datestr(dates(1:12:T7),10);

Irregular Component

1975

1976

1977

1978

You can optionally model the irregular component using a stochastic process model.

References:

2-43



2 Data Preprocessing

Box, G. E. P., G. M. Jenkins, and G. C. Reinsel. Time Series Analysis: Forecasting and
Control. 3rd ed. Englewood Cliffs, NJ: Prentice Hall, 1994.

See Also

dummyvar

Related Examples
. “Moving Average Trend Estimation” on page 2-33
. “Seasonal Adjustment Using a Stable Seasonal Filter” on page 2-57

. “Seasonal Adjustment Using S(n,m) Seasonal Filters” on page 2-64

More About

. “Time Series Decomposition” on page 2-28

. “Seasonal Adjustment” on page 2-54
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Hodrick-Prescott Filter

The Hodrick-Prescott (HP) filter is a specialized filter for trend and business cycle
estimation (no seasonal component). Suppose a time series y; can be additively
decomposed into a trend and business cycle component. Denote the trend component g,

and the cycle component ¢,. Then Yt = 8¢ *¢-

The HP filter finds a trend estimate, g, by solving a penalized optimization problem.

The smoothness of the trend estimate depends on the choice of penalty parameter. The
cycle component, which is often of interest to business cycle analysts, is estimated as

&=y, —&-
hpfilter returns the estimated trend and cycle components of a time series.

See Also
hpfilter

Related Examples

. “Using the Hodrick-Prescott Filter to Reproduce Their Original Result” on page
2-46

More About

. “Moving Average Filter” on page 2-31
. “Seasonal Filters” on page 2-51

. “Time Series Decomposition” on page 2-28
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Using the Hodrick-Prescott Filter to Reproduce Their Original Result

This example shows how to use the Hodrick-Prescott filter to decompose a time series.

The Hodrick-Prescott filter separates a time series into growth and cyclical components
with

U= gt +

where yt is a time series, gt is the growth component of yt, and ct is the cyclical
component of yt for t =1, ..., T.

The objective function for the Hodrick-Prescott filter has the form

1

T-1
Do+ A ((geer — 9) — (9 — ge-1))?
=2

=1

with a smoothing parameter lambda. The programming problem is to minimize the
objective over all g1, ..., gT.

The conceptual basis for this programming problem is that the first sum minimizes the
difference between the data and its growth component (which is the cyclical component)
and the second sum minimizes the second-order difference of the growth component,
which is analogous to minimization of the second derivative of the growth component.

Note that this filter is equivalent to a cubic spline smoother.

Use of the Hodrick-Prescott Filter to Analyze GNP Cyclicality

Using data similar to the data found in Hodrick and Prescott [1], plot the cyclical
component of GNP. This result should coincide with the results in the paper. However,
since the GNP data here and in the paper are both adjusted for seasonal variations with
conversion from nominal to real values, differences can be expected due to differences

in the sources for the pair of adjustments. Note that our data comes from the St. Louis
Federal Reserve FRED database [2] which was downloaded with the Datafeed Toolbox™.

load Data GNP

startdate = 1950; % date range is from 1947.0 to 2005.5 (quarterly)

2-46



Using the Hodrick-Prescott Filter to Reproduce Their Original Result

enddate = 1979.25; % change these two lines to try alternative periods

startindex = find(dates == startdate);
endindex = find(dates == enddate);

gnpdates = dates(startindex:endindex);
gnpraw = log(DataTable._GNPR(startindex:endindex));

We run the filter for different smoothing parameters lambda = 400, 1600, 6400, and Inf.
The infinite smoothing parameter just detrends the data.

[gnptrend4, gnpcycled4] = hpfilter(gnpraw,400);

[gnptrendl16, gnpcyclel6] = hpfilter(gnpraw,1600);
[gnptrend64, gnpcycle64] hpfilter(gnpraw,6400);
[gnptrendinf, gnpcycleinf] = hpfilter(gnpraw, Inf);

Plot Cyclical GNP and lis Relationship with Long-Term Trend

The following code generates Figure 1 from Hodrick and Prescott [1].

plot(gnpdates,gnpcyclel6, "b");

hold all

plot(gnpdates,gnpcycleinf - gnpcyclel6,"r");
title("\bfFigure 1 from Hodrick and Prescott");
ylabel ("\bfGNP Growth™);

legend("Cyclical GNP","Difference”);

hold off
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Figure 1 from Hodrick and Prescott
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The blue line 1s the cyclical component with smoothing parameter 1600 and the red
line is the difference with respect to the detrended cyclical component. The difference is
smooth enough to suggest that the choice of smoothing parameter is appropriate.

Statistical Tests on Cyclical GNP

We will now reconstruct Table 1 from Hodrick and Prescott [1]. With the cyclical
components, we compute standard deviations, autocorrelations for lags 1 to 10, and
perform a Dickey-Fuller unit root test to assess non-stationarity. As in the article, we
see that as lambda increases, standard deviations increase, autocorrelations increase
over longer lags, and the unit root hypothesis is rejected for all but the detrended case.
Together, these results imply that any of the cyclical series with finite smoothing is
effectively stationary.
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gnpacf4 = autocorr(gnpcycle4,10);
gnpacfl16 autocorr(gnpcyclel6,10);
gnpacf64 = autocorr(gnpcycle64,10);
gnpacfinf = autocorr(gnpcycleinf,10);

WarnState = warning("off", "econ:adftest:LeftTailStatTooSmall™);

[H4, ~, gnptest4] = adftest(gnpcycle4, "model”,"ARD");

[H16, ~, gnptestl6] = adftest(gnpcyclel6, "model”,"ARD");
[H64, ~, gnptest64] = adftest(gnpcycle64, "model”,"ARD");
[Hinf, ~, gnptestinf] = adftest(gnpcycleinf, "model”,“ARD");

warning(WarnState) ;

fprintf(1, "Table 1 from Hodrick and Prescott Reference\n-®);

fprintf(1,” %1l0s %s\n"," °,"Smoothing Parameter”);

fprintf(1,” %10s %10s %10s %10s %10s\n"," *,"400","1600"," 64007, "Infinity");

fprintf(1,” %-10s %10.2F %10.2F %10.2F %10.2fA\n","Std. Dev.", ...
100*std(gnpcycled),100*std(gnpcyclel6),100*std(gnpcycle64),100*std(gnpcycleinf));

fprintf(1l,” Autocorrelations\n®);

for i=2:11
fprintf(1,” %10g %l10.2F %10.2F %10.2F %10.2A\n",(i-1), ...
gnpacf4(i),gnpacfl6e(i),gnpacf64(i),gnpacfinf(i))

end

fprintf(1,” %-10s %l10.2F %10.2F %10.2F %10.2f\n","Unit Root", ...
gnptest4,gnptestl6,gnptest64,gnptestinf);

fprintf(1,” %-10s %10d %10d %10d %10d\n","Reject HO",H4,H16,H64,HinT);

Table 1 from Hodrick and Prescott Reference
Smoothing Parameter

400 1600 6400 Infinity

Std. Dev. 1.52 1.75 2.06 3.11
Autocorrelations

1 0.74 0.78 0.82 0.92

2 0.38 0.47 0.57 0.81

3 0.05 0.17 0.33 0.70

4 -0.21 -0.07 0.12 0.59

5 -0.36 -0.24 -0.03 0.50

6 -0.39 -0.30 -0.10 0.44

7 -0.35 -0.31 -0.13 0.39

8 -0.28 -0.29 -0.15 0.35

9 -0.22 -0.26 -0.15 0.31

10 -0.19 -0.25 -0.17 0.26

Unit Root -4.35 -4.13 -3.79 -2.28

Reject HO 1 1 1 0

2-49



2 Data Preprocessing

References

[1] Robert J. Hodrick and Edward C. Prescott, "Postwar U.S. Business Cycles: An
Empirical Investigation," Journal of Money, Credit, and Banking, Vol. 29, No. 1,
February 1997, pp. 1-16.

[2] U.S. Federal Reserve Economic Data (FRED), Federal Reserve Bank of St. Louis,
http://research.stlouisfed.org/fred.

See Also
hpfilter

More About
. “Hodrick-Prescott Filter” on page 2-45

. “Time Series Decomposition” on page 2-28

2-50


http://research.stlouisfed.org/fred

Seasonal Filters

Seasonal Filters

In this section...
“What Is a Seasonal Filter?” on page 2-51

“Stable Seasonal Filter” on page 2-51

“S, x m seasonal filter” on page 2-52

What Is a Seasonal Filter?

You can use a seasonal filter (moving average) to estimate the seasonal component of a
time series. For example, seasonal moving averages play a large role in the X-11-ARIMA
seasonal adjustment program of Statistics Canada [1] and the X-12-ARIMA seasonal
adjustment program of the U.S. Census Bureau [2].

For observations made during period &, k = 1,...,s (where s is the known periodicity of the
seasonality), a seasonal filter is a convolution of weights and observations made during
past and future periods k. For example, given monthly data (s = 12), a smoothed January
observation is a symmetric, weighted average of January data.

In general, for a time series x;, £ = 1,...,N, the seasonally smoothed observation at time k +
Jjs,j=1,..,Nls—1,1s

r
St js = D, UXpa(jils
I=—r

with weights @ such that >’ a; =1.

The two most commonly used seasonal filters are the stable seasonal filter and the S, «,,
seasonal filter.

Stable Seasonal Filter

Use a stable seasonal filter if the seasonal level does not change over time, or if you have
a short time series (under 5 years).

2-51



2 Data Preprocessing

2-52

Let n; be the total number of observations made in period k. A stable seasonal filter is
given by

1 (N/s)-1

Sp = Xk+js»
N o

fork=1,..s and § =5, , fork>s.

Defines =(1/ s)zzzl 5. For identifiability from the trend component,

Use §, = 5, —5 to estimate the seasonal component for an additive decomposition

model (that is, constrain the component to fluctuate around zero).

Use s, = §,/5 to estimate the seasonal component for a multiplicative decomposition

model (that is, constrain the component to fluctuate around one).

S, « m seasonal filter

To apply an S, x , seasonal filter, take a symmetric n-term moving average of m-term
averages. This is equivalent to taking a symmetric, unequally weighted moving average
with n + m — 1 terms (that is, use r =(n+m —1)/2 in Equation 2-1).

An S;.3 filter has five terms with weights
(1/9,2/9,1/3,2/9,1/9).

To illustrate, suppose you have monthly data over 10 years. Let Jan,, denote the value
observed in January, 20yy. The Ssxs-filtered value for January 2005 is

Jangs = %[% (Jangg + Jany, + Jangs )+ %(Janm +Jangs + Janyg) +%(Jan05 +dJanyg +Jang; )}
Similarly, an Ss«; filter has seven terms with weights

(1/15,2/15,1/5,1/5,1/5,2/15,1/15).



Seasonal Filters

When using a symmetric filter, observations are lost at the beginning and end of the
series. You can apply asymmetric weights at the ends of the series to prevent observation
loss.

To center the seasonal estimate, define a moving average of the seasonally filtered
series, s; = ij—qugt‘*'j' A reasonable choice for the weights areb; = 1/4q forj =g
and b; = 1/2q otherwise. Here, ¢ = 2 for quarterly data (a 5-term average), or q = 6 for
monthly data (a 13-term average).

For identifiability from the trend component,

Use §; = 5, -, to estimate the seasonal component of an additive model (that is,
constrain the component to fluctuate approximately around zero).

Use §, =35,/5, to estimate the seasonal component of a multiplicative model (that is,

constrain the component to fluctuate approximately around one).

References

[1] Dagum, E. B. The X-11-ARIMA Seasonal Adjustment Method. Number 12—564E.
Statistics Canada, Ottawa, 1980.

[2] Findley, D. F., B. C. Monsell, W. R. Bell, M. C. Otto, and B.-C. Chen. “New
Capabilities and Methods of the X-12-ARIMA Seasonal-Adjustment Program.”
Journal of Business & Economic Statistics. Vol. 16, Number 2, 1998, pp. 127-152.

Related Examples
. “Seasonal Adjustment Using a Stable Seasonal Filter” on page 2-57

. “Seasonal Adjustment Using S(n,m) Seasonal Filters” on page 2-64

More About
. “Moving Average Filter” on page 2-31

. “Seasonal Adjustment” on page 2-54

. “Time Series Decomposition” on page 2-28
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Seasonal Adjustment

2-54

In this section...
“What Is Seasonal Adjustment?” on page 2-54

“Deseasonalized Series” on page 2-54

“Seasonal Adjustment Process” on page 2-55

What Is Seasonal Adjustment?

Economists and other practitioners are sometimes interested in extracting the global
trends and business cycles of a time series, free from the effect of known seasonality.
Small movements in the trend can be masked by a seasonal component, a trend with
fixed and known periodicity (e.g., monthly or quarterly). The presence of seasonality can
make it difficult to compare relative changes in two or more series.

Seasonal adjustment is the process of removing a nuisance periodic component. The
result of a seasonal adjustment is a deseasonalized time series. Deseasonalized data

is useful for exploring the trend and any remaining irregular component. Because
information is lost during the seasonal adjustment process, you should retain the original
data for future modeling purposes.

Deseasonalized Series
Consider decomposing a time series, y;, into three components:

* Trend component, T}
*  Seasonal component, S; with known periodicity s

* Irregular (stationary) stochastic component, I
The most common decompositions are additive, multiplicative, and log-additive.

To seasonally adjust a time series, first obtain an estimate of the seasonal component,

St . The estimate St should be constrained to fluctuate around zero (at least

approximately) for additive models, and around one, approximately, for multiplicative
models. These constraints allow the seasonal component to be identifiable from the trend
component.




Seasonal Adjustment

Given S’t , the deseasonalized series is calculated by subtracting (or dividing by) the

estimated seasonal component, depending on the assumed decomposition.

A

For an additive decomposition, the deseasonalized series is given by d; = y;, — S;.

For a multiplicative decomposition, the deseasonalized series is given by d; = y; / S't.

Seasonal Adjustment Process

To best estimate the seasonal component of a series, you should first estimate and
remove the trend component. Conversely, to best estimate the trend component, you
should first estimate and remove the seasonal component. Thus, seasonal adjustment is
typically performed as an iterative process. The following steps for seasonal adjustment
resemble those used within the X-12-ARIMA seasonal adjustment program of the U.S.
Census Bureau [1].

1 A

Obtain a first estimate of the trend component, T}, using a moving average or

parametric trend estimate.

Detrend the original series. For an additive decomposition, calculate x, =y, — ff't . For
a multiplicative decomposition, calculate x; =y, / Tt .

3 Apply a seasonal filter to the detrended series, x; , to obtain an estimate of the

seasonal component, S;. Center the estimate to fluctuate around zero or one,

depending on the chosen decomposition. Use an Ss.3 seasonal filter if you have
adequate data, or a stable seasonal filter otherwise.

4 Deseasonalize the original series. For an additive decomposition, calculate

d; =y, — S't . For a multiplicative decomposition, calculate d; = y, / St' .

Obtain a second estimate of the trend component, ’f’t, , using the deseasonalized

series d;. Consider using a Henderson filter [1], with asymmetric weights at the
ends of the series.

6 Detrend the original series again. For an additive decomposition, calculate

X =y — Tt- For a multiplicative decomposition, calculate x; =y, / ’f’t .
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Apply a seasonal filter to the detrended series, x;, to obtain an estimate of the
seasonal component, S't . Consider using an Saxs seasonal filter if you have adequate
data, or a stable seasonal filter otherwise.

8 Deseasonalize the original series. For an additive decomposition, calculate

d; =y, — S’t . For a multiplicative decomposition, calculate d; = y, / S’t. This is the
final deseasonalized series.

References

[1] Findley, D. F., B. C. Monsell, W. R. Bell, M. C. Otto, and B.-C. Chen. “New
Capabilities and Methods of the X-12-ARIMA Seasonal-Adjustment Program.”
Journal of Business & Economic Statistics. Vol. 16, Number 2, 1998, pp. 127-152.

Related Examples

. “Moving Average Trend Estimation” on page 2-33

. “Seasonal Adjustment Using a Stable Seasonal Filter” on page 2-57
. “Seasonal Adjustment Using S(n,m) Seasonal Filters” on page 2-64

. “Parametric Trend Estimation” on page 2-37
More About

. “Time Series Decomposition” on page 2-28

. “Seasonal Filters” on page 2-51

. “Moving Average Filter” on page 2-31
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Seasonal Adjustment Using a Stable Seasonal Filter

This example shows how to use a stable seasonal filter to deseasonalize a time series
(using an additive decomposition). The time series is monthly accidental deaths in the
U.S. from 1973 to 1978 (Brockwell and Davis, 2002).

Load the data.

Load the accidental deaths data set.

load(fullfile(matlabroot, "examples”, "econ”, "Data_Accidental .mat™))
y = Data;
T = length(y);

figure

plot(y/1000)

hl = gca;

hl.XLim = [0,T];

hl1.XTick = 1:12:T;

hl_XTickLabel = datestr(dates(1:12:T),10);
title "Monthly Accidental Deaths”;

ylabel “Number of deaths (thousands)”;
hold on
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Monthly Accidental Deaths
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The data exhibits a strong seasonal component with periodicity 12.

Apply a 13-term moving average.

Smooth the data using a 13-term moving average. To prevent observation loss, repeat the
first and last smoothed values six times. Subtract the smoothed series from the original

series to detrend the data. Add the moving average trend estimate to the observed time
series plot.

sW13 = [1/24;repmat(1/12,11,1);1/24];
yS = conv(y,sW13, "same”);
yS(1:6) = yS(7); yS(T-5:T) = yS(T-6);

Xt = y-yS;

2-58



Seasonal Adjustment Using a Stable Seasonal Filter

h = plot(yS/1000, "r*,"LineWidth",2);
legend(h, "13-Term Moving Average®)
hold off

Monthly Accidental Deaths
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The detrended time series 1s Xt.

Using the shape parameter "same®” when calling conv returns a smoothed series the
same length as the original series.

Step 3. Create seasonal indices.

Create a cell array, sidx, to store the indices corresponding to each period. The data is
monthly, with periodicity 12, so the first element of sidx is a vector with elements 1, 13,
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25,...,61 (corresponding to January observations). The second element of sidx is a vector
with elements 2, 14, 16,...,62 (corresponding to February observations). This is repeated
for all 12 months.

s = 12;

sidx = cell(s,1);
for i = 1:s
sidx{i,1} = i:s:T;

end
sidx{1:2}
ans =
1 13 25 37 49 61
ans =

Using a cell array to store the indices allows for the possibility that each period does not
occur the same number of times within the span of the observed series.

Step 4. Apply a stable seasonal filter.

Apply a stable seasonal filter to the detrended series, xt. Using the indices constructed
in Step 3, average the detrended data corresponding to each period. That is, average all
of the January values (at indices 1, 13, 25,...,61), and then average all of the February
values (at indices 2, 14, 26,...,62), and so on for the remaining months. Put the smoothed
values back into a single vector.

Center the seasonal estimate to fluctuate around zero.

sst = cellfun(@(x) mean(xt(x)),sidx);

% Put smoothed values back into a vector of length N
nc = Floor(T/s); % no. complete years

rm = mod(T,s); % no. extra months

sst = [repmat(sst,nc,1l);sst(l:rm)];

% Center the seasonal estimate (additive)
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sBar = mean(sst); % for centering
sst = sst-sBar;

figure

plot(sst/1000)

title "Stable Seasonal Component®;

h2 = gca;

h2_XLim = [0 T];

ylabel “Number of deaths (thousands)®;
h2_XTick = 1:12:T;

h2 _XTickLabel = datestr(dates(1:12:T7),10);

Stable Seasonal Component
2 T T T

Mumber of deaths {thousands)
—_
—
—
—

1973 1974 1975 1976 1977 1978

The stable seasonal component has constant amplitude across the series. The seasonal
estimate is centered, and fluctuates around zero.
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Step 5. Deseasonalize the series.

Subtract the estimated seasonal component from the original data.
dt = y - sst;

figure

plot(dt/1000)

title "Deseasonalized Series”;

ylabel “Number of deaths (thousands)”;

h3 = gca;

h3.XLim = [0 T];

h3.XTick = 1:12:T;

h3.XTickLabel = datestr(dates(1:12:T7),10);

Deseasonalized Series
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The deseasonalized series consists of the long-term trend and irregular components. A
large-scale quadratic trend in the number of accidental deaths is clear with the seasonal
component removed.

References:

Brockwell, P. J. and R. A. Davis. Introduction to Time Series and Forecasting. 2nd ed.
New York, NY: Springer, 2002.

See Also

cellfun | conv

Related Examples
. “Moving Average Trend Estimation” on page 2-33

. “Seasonal Adjustment Using S(n,m) Seasonal Filters” on page 2-64

. “Parametric Trend Estimation” on page 2-37
More About
. “Time Series Decomposition” on page 2-28

. “Moving Average Filter” on page 2-31
. “Seasonal Filters” on page 2-51

. “Seasonal Adjustment” on page 2-54
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Seasonal Adjustment Using S(n,m) Seasonal Filters

This example shows how to apply “n=m seasonal filters to deseasonalize a time series
(using a multiplicative decomposition). The time series is monthly international airline
passenger counts from 1949 to 1960.

Load the Data

Load the airline data set.

load(fullfile(matlabroot, "examples”, "econ”, "Data_Airline.mat"))
y = Data;
T = length(y);

figure

plot(y)

hl = gca;

hl._XLim = [0,T];

hl.XTick = 1:12:T;

hl.XTickLabel = datestr(dates(1:12:T7),10);
title "Airline Passenger Counts”;

hold on
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Airline Passenger Counts
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The data shows an upward linear trend and a seasonal component with periodicity 12.

Detrend the data using a 13-term moving average.

Before estimating the seasonal component, estimate and remove the linear trend. Apply
a 13-term symmetric moving average, repeating the first and last observations six times
to prevent data loss. Use weight 1/24 for the first and last terms in the moving average,

and weight 1/12 for all interior terms.

Divide the original series by the smoothed series to detrend the data. Add the moving
average trend estimate to the observed time series plot.

sW13 = [1/24;repmat(1/12,11,1);1/24];
yS = conv(y,sW13, "same”);
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yS(1:6) = yS(7); yS(T-5:T) = yS(T-6);
Xt = y./yS;
h = plot(yS,"r", "LineWidth",2);

legend(h, "13-Term Moving Average®)
hold off
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Create seasonal indices.
Create a cell array, sidx, to store the indices corresponding to each period. The data is

monthly, with periodicity 12, so the first element of sidx is a vector with elements 1,
13, 25,...,133 (corresponding to January observations). The second element of sidx is a
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vector with elements 2, 14, 16,...,134 (corresponding to February observations). This is
repeated for all 12 months.

s = 12;
sidx = cell(s,1); % Preallocation

for i = 1:s
sidx{i,1} = i:s:T;

end
sidx{1:2}
ans =
1 13 25 37 49 61 73 85 97 109 121 133
ans =

2 14 26 38 50 62 74 86 98 110 122 134

Using a cell array to store the indices allows for the possibility that each period does not
occur the same number of times within the span of the observed series.

Apply an S(3,3) filter.

Apply a 5-term i3 seasonal moving average to the detrended series xt. That is, apply
a moving average to the January values (at indices 1, 13, 25,...,133), and then apply a
moving average to the February series (at indices 2, 14, 26,...,134), and so on for the
remaining months.

Use asymmetric weights at the ends of the moving average (using conv2). Put the
smoothed values back into a single vector.

To center the seasonal component around one, estimate, and then divide by, a 13-term
moving average of the estimated seasonal component.

% S3x3 seasonal filter

% Symmetric weights

sW3 = [1/9;2/9;1/3;2/9;1/9];

% Asymmetric weights for end of series

aW3 = [.259 .407;.37 .407;.259 .185;.111 0];
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% Apply Filter to each month
shat = NaN*y;
for i1 = 1:s
ns = length(sidx{i});
first = 1:4;
last = ns - 3:ns;
dat = xt(sidx{i});

sd = conv(dat,sW3, "same”);
sd(1:2) = conv2(dat(first),1,rot90(aW3,2), "valid");
sd(ns -1:ns) = conv2(dat(last),1l,aw3,"valid");
shat(sidx{i}) = sd;

end

% 13-term moving average of filtered series
sW13 = [1/24;repmat(1/12,11,1);1/24];

sb = conv(shat,sW13, "same”);

sb(1:6) = sb(s+1l:s+6);

sb(T-5:T) = sb(T-s-5:T-s);

% Center to get final estimate
s33 = shat./sb;

figure

plot(s33)

h2 = gca;

h2_XLim = [0,T];

h2_XTick = 1:12:T;

h2 _XTickLabel = datestr(dates(1:12:T7),10);
title "Estimated Seasonal Component®;
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Notice that the seasonal level changes over the range of the data. This illustrates the
difference between an Su«m seasonal filter and a stable seasonal filter. A stable seasonal
filter assumes that the seasonal level is constant over the range of the data.

Apply a 13-term Henderson filter.

To get an improved estimate of the trend component, apply a 13-term Henderson filter
to the seasonally adjusted series. The necessary symmetric and asymmetric weights are
provided in the following code.

% Deseasonalize series
dt = y./s33;

% Henderson filter weights
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sWH = [-0.019;-0.028;0;.066;.147; .214;
.24;.214; .147;.066;0;-0.028;-0.019];

% Asymmetric weights for end of series
aWH = [-.034 -.017 .045 -148 -279 -421;
-.005 .051 -130 .215 -292 -353;
.061 -135 .201 .241 -254 .244;
.144 -205 -230 .216 174 -120;
.211 -233 -208 -149 -080 .012;
.238 .210 -144 -068 .002 -.058;
.213 -146 -066 .003 -.039 -.092;
-147 -066 .004 -.025 -.042

0 ;

-066 .003 -.020 -.016 O 0 ;
.001 -.022 -.008 O 0 0 ;
-.026 -.011 0 0 0 0 ;
-.016 0 0 0 0 0 1;

% Apply 13-term Henderson filter

first = 1:12;

last = T-11:T;

h13 = conv(dt,sWH, "same”);

h13(T-5:end) = conv2(dt(last),1l,aWH, "valid");
h13(1:6) = conv2(dt(first),1,rot90(aWH,2), "valid");

% New detrended series
xt = y./h13;

figure

plot(y)

h3 = gca;

h3_.XLim = [0,T];

h3.XTick = 1:12:T;

h3_XTickLabel = datestr(dates(1:12:T7),10);
title “Airline Passenger Counts®;
hold on

plot(hl3,"r", "LineWidth",2);
legend("13-Term Henderson Filter®)
hold off
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Apply an S(3,5) seasonal filter.

To get 6. an improved estimate of the seasonal component, apply a 7-term Si.5 seasonal
moving average to the newly detrended series. The symmetric and asymmetric weights
are provided in the following code. Center the seasonal estimate to fluctuate around 1.

Deseasonalize the original series by dividing it by the centered seasonal estimate.

% S3x5 seasonal filter
% Symmetric weights
sW5 = [1/15;2/15;repmat(1/5,3,1);2/15;1/15];
% Asymmetric weights for end of series
aWs5 = [.150 .250 .293;
.217 .250 .283;
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.217 .250 .283;
.217 .183 .150;
.133 .067  O;
.067 0 01;

% Apply filter to each month
shat = NaN*y;
for i1 = 1:s
ns = length(sidx{i});
first = 1:6;
last = ns-5:ns;
dat = xt(sidx{i});

sd = conv(dat,sW5, "same”);
sd(1:3) = conv2(dat(first),1,rot90(aws5,2), "valid");
sd(ns-2:ns) = conv2(dat(last),1,aWs5, "valid");
shat(sidx{i}) = sd;

end

% 13-term moving average of filtered series
sW13 = [1/24;repmat(1/12,11,1);1/24];

sb = conv(shat,sW13, "same”);

sb(1:6) = sb(s+1l:s+6);

sb(T-5:T) = sb(T-s-5:T-s);

% Center to get final estimate
s35 = shat./sb;

% Deseasonalized series
dt = y./s35;

figure

plot(dt)

h4 = gca;

h4_XLim = [0,T];

h4 _XTick = 1:12:T;

h4 _XTickLabel = datestr(dates(1:12:T7),10);

title "Deseasonalized Airline Passenger Counts-;
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The deseasonalized series consists of the long-term trend and irregular components. With
the seasonal component removed, it is easier to see turning points in the trend.

Plot the components and the original series.

Compare the original series to a series reconstructed using the component estimates.

figure

plot(y,“Color®,[-85,.85,.85], "LineWidth",4)
h5 = gca;

h5_XLim = [0,T];

h5.XTick = 1:12:T;

h5_XTickLabel = datestr(dates(1:12:T7),10);
title “Airline Passenger Counts®;
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hold on

plot(hl3,"r", "LineWidth",2)

plot(hl13.*s35, "k--","LineWidth",1.5)

legend("Original Series®,"13-Term Henderson Filter®,.._.
"Trend and Seasonal Components®)

hold off
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Estimate the irregular component.

Detrend and deseasonalize the original series. Plot the remaining estimate of the
irregular component.

Irr = dt./h13;
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figure

plot(lrr)

h6é = gca;

h6.XLim = [0,T];

h6.XTick = 1:12:T;

h6.XTickLabel = datestr(dates(1:12:T7),10);

title “Airline Passenger Counts Irregular Component”®;

Airline Passenger Counts Irregular Component
1'}5 T T T T T T T T T T T T

1.02

o —
_—
-
T —

N n
Tl r“'”br” nLH ! |'||"|"I”ﬂ|"'h|’n|l r
‘ IJ| I v li'l_

_—

0.98 | | ' |

0.94 b

D_ 92 i i i i i i i i i i i i
1949 1950 1951 1952 1953 1954 1955 1956 1957 1958 1959 1960

You can optionally model the detrended and deseasonalized series using a stationary
stochastic process model.

See Also

cellfun | conv | conv2
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Related Examples
. “Moving Average Trend Estimation” on page 2-33

. “Seasonal Adjustment Using a Stable Seasonal Filter” on page 2-57

. “Parametric Trend Estimation” on page 2-37
More About
. “Time Series Decomposition” on page 2-28

. “Moving Average Filter” on page 2-31
. “Seasonal Filters” on page 2-51

. “Seasonal Adjustment” on page 2-54
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“Box-Jenkins Methodology” on page 3-2

“Box-Jenkins Model Selection” on page 3-4
“Autocorrelation and Partial Autocorrelation” on page 3-13
“Ljung-Box Q-Test” on page 3-16

“Detect Autocorrelation” on page 3-18

“Engle’s ARCH Test” on page 3-25

“Detect ARCH Effects” on page 3-28

“Unit Root Nonstationarity” on page 3-34

“Unit Root Tests” on page 3-44

“Assess Stationarity of a Time Series” on page 3-58

“Test Multiple Time Series” on page 3-62

“Information Criteria” on page 3-63

“Model Comparison Tests” on page 3-65

“Conduct a Lagrange Multiplier Test” on page 3-70
“Conduct a Wald Test” on page 3-74

“Compare GARCH Models Using Likelihood Ratio Test” on page 3-77
“Check Fit of Multiplicative ARIMA Model” on page 3-81
“Goodness of Fit” on page 3-88

“Residual Diagnostics” on page 3-90

“Check Predictive Performance” on page 3-92
“Nonspherical Models” on page 3-94

“Plot a Confidence Band Using HAC Estimates” on page 3-95
“Change the Bandwidth of a HAC Estimator” on page 3-105
“Check Model Assumptions for Chow Test” on page 3-112
“Power of the Chow Test” on page 3-123
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Box-Jenkins Methodology

3-2

The Box-Jenkins methodology [1] is a five-step process for identifying, selecting, and
assessing conditional mean models (for discrete, univariate time series data).

1

Establish the stationarity of your time series. If your series is not stationary,
successively difference your series to attain stationarity. The sample autocorrelation
function (ACF) and partial autocorrelation function (PACF) of a stationary series
decay exponentially (or cut off completely after a few lags).

Identify a (stationary) conditional mean model for your data. The sample ACF and
PACF functions can help with this selection. For an autoregressive (AR) process,
the sample ACF decays gradually, but the sample PACF cuts off after a few lags.
Conversely, for a moving average (MA) process, the sample ACF cuts off after a
few lags, but the sample PACF decays gradually. If both the ACF and PACF decay
gradually, consider an ARMA model.

Specify the model, and estimate the model parameters. When fitting nonstationary
models in Econometrics Toolbox, it is not necessary to manually difference your data
and fit a stationary model. Instead, use your data on the original scale, and create an
arima model object with the desired degree of nonseasonal and seasonal differencing.
Fitting an ARIMA model directly is advantageous for forecasting: forecasts are
returned on the original scale (not differenced).

Conduct goodness-of-fit checks to ensure the model describes your data adequately.
Residuals should be uncorrelated, homoscedastic, and normally distributed with
constant mean and variance. If the residuals are not normally distributed, you can
change your innovation distribution to a Student’s ¢.

After choosing a model—and checking its fit and forecasting ability—you can use the
model to forecast or generate Monte Carlo simulations over a future time horizon.

References

[1] Box, G. E. P., G. M. Jenkins, and G. C. Reinsel. Time Series Analysis: Forecasting and

Control. 3rd ed. Englewood Cliffs, NJ: Prentice Hall, 1994.

See Also

arima | autocorr | parcorr

Related Examples

“Box-Jenkins Model Selection” on page 3-4
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. “Check Predictive Performance” on page 3-92
“Check Fit of Multiplicative ARIMA Model” on page 3-81
. “Box-Jenkins Differencing vs. ARIMA Estimation” on page 5-94

More About
. “Trend-Stationary vs. Difference-Stationary Processes” on page 2-7
. “Autocorrelation and Partial Autocorrelation” on page 3-13

. “Goodness of Fit” on page 3-88
. “Conditional Mean Models” on page 5-3
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Box-Jenkins Model Selection

3-4

This example shows how to use the Box-Jenkins methodology to select an ARIMA model.
The time series is the log quarterly Australian Consumer Price Index (CPI) measured
from 1972 and 1991.

Load the Data
Load and plot the Australian CPI data.
load Data JAustralian

y DataTable.PAU;
T length(y);

figure

plot(y)

hl = gca;

hl.XLim = [0,T];

hl1.XTick = 1:10:T;

hl_XTickLabel = datestr(dates(1:10:T),17);
title("Log Quarterly Australian CPI™)
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The series is nonstationary, with a clear upward trend.

Plot the Sample ACF and PACF

Plot the sample autocorrelation function (ACF) and partial autocorrelation function
(PACPF) for the CPI series.

figure
subplot(2,1,1)
autocorr(y)
subplot(2,1,2)
parcorr(y)
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Sample Autocorrelation Function
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The significant, linearly decaying sample ACF indicates a nonstationary process.
Difference the Data

Take a first difference of the data, and plot the differenced series.

dy = diff(y);

figure

plot(dY)

h2 = gca;

h2_XLim = [0,T];

h2_.XTick = 1:10:T;
h2 _XTickLabel = datestr(dates(2:10:T),17);
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title("Differenced Log Quarterly Australian CPI®)

Differenced Log Quarterly Australian CPI
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Differencing removes the linear trend. The differenced series appears more stationary.
Plot the Sample ACF and PACF of the Differenced Series

Plot the sample ACF and PACF of the differenced series to look for behavior more
consistent with a stationary process.

figure
subplot(2,1,1)
autocorr(dY)
subplot(2,1,2)
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parcorr(dY)
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The sample ACF of the differenced series decays more quickly. The sample PACF cuts
off after lag 2. This behavior is consistent with a second-degree autoregressive (AR(2))
model.

Specify and Estimate an ARIMA(2,1,0) Model

Specify, and then estimate, an ARIMA(2,1,0) model for the log quarterly Australian CPI.
This model has one degree of nonseasonal differencing and two AR lags. By default, the
innovation distribution is Gaussian with a constant variance.

Mdl = arima(2,1,0);

3-8



Box-Jenkins Model Selection

EstMdl = estimate(Mdl,y);

ARIMA(2,1,0) Model:

Conditional Probability Distribution: Gaussian

Standard t
Parameter Value Error Statistic
Constant 0.0100723 0.00328015 3.07069
AR{1} 0.212059 0.0954278 2.22219
AR{2} 0.337282 0.103781 3.24994
Variance 9.23017e-05 1.11119e-05 8.30659

Both AR coefficients are significant at the 0.05 significance level.
Check Goodness of Fit

Infer the residuals from the fitted model. Check that the residuals are normally
distributed and uncorrelated.

res = infer(Estvdl,y);

figure

subplot(2,2,1)
plot(res./sqrt(EstMdl .Variance))
title("Standardized Residuals™)
subplot(2,2,2)

qgplot(res)

subplot(2,2,3)

autocorr(res)

subplot(2,2,4)

parcorr(res)

hvec = findall(gcf, "Type~,"axes™);
set(hvec, "TitleFontSizeMultiplier®,0.8, ...
"LabelFontSizeMultiplier®,0.8);
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Sample Autocornzlation
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The residuals are reasonably normally distributed and uncorrelated.
Generate Forecasts

Generate forecasts and approximate 95% forecast intervals for the next 4 years (16
quarters).

[yF,yMSE] = forecast(EstMdl,16,°Y0",y);
UB = yF + 1.96*sqrt(yMSE);

LB = yF - 1.96*sqrt(yMSE);

figure

h4 = plot(y,“Color",[-75,-75,.75]);
hold on
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h5 plot(78:93,yF,"r", "LineWidth",2);

h6 plot(78:93,UB, "k--","LineWidth",1.5);

plot(78:93,LB, "k--","LineWidth",1.5);

fDates = [dates; dates(T) + cumsum(diff(dates(T-16:T)))]:

h7 = gca;

h7 . XTick = 1:10:(T+16);

h7 .XTickLabel = datestr(fDates(1:10:end),17);

legend([h4,h5,h6],"Log CPI","Forecast”, ...
"Forecast Interval®,"Location®, "Northwest")

title("Log Australian CPl Forecast®)

hold off

Log Australian CPI Forecast
'E T T T T T T T T T T

Lag CPI

m— Forecast

= = Forecast Interval

35 i i i i i i i i i i
1-72 Q3-74 A1-77 QA3-79 1-82 Q3-84 1-87 3-89 1-92 Q3-54

References:
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Box, G. E. P., G. M. Jenkins, and G. C. Reinsel. Time Series Analysis: Forecasting and
Control. 3rd ed. Englewood Cliffs, NJ: Prentice Hall, 1994.

See Also

arima | autocorr | estimate | forecast | infer | parcorr

Related Examples

. “Box-Jenkins Differencing vs. ARIMA Estimation” on page 5-94
. “Nonseasonal Differencing” on page 2-18

. “Infer Residuals for Diagnostic Checking” on page 5-140

. “Specify Conditional Mean Models Using arima” on page 5-6

More About
. “Box-Jenkins Methodology” on page 3-2

. “Trend-Stationary vs. Difference-Stationary Processes” on page 2-7
. “Goodness of Fit” on page 3-88
. “MMSE Forecasting of Conditional Mean Models” on page 5-181
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Avutocorrelation and Partial Autocorrelation

In this section...

“What Are Autocorrelation and Partial Autocorrelation?” on page 3-13
“Theoretical ACF and PACF” on page 3-13
“Sample ACF and PACF” on page 3-14

What Are Autocorrelation and Partial Autocorrelation?

Autocorrelation is the linear dependence of a variable with itself at two points in time.
For stationary processes, autocorrelation between any two observations only depends on
the time lag h between them. Define Cou(y;, y;.n) = y». Lag-h autocorrelation is given by

pn = Corr(y; ,yep) = L.
Y0

The denominator y is the lag 0 covariance, i.e., the unconditional variance of the process.

Correlation between two variables can result from a mutual linear dependence on other
variables (confounding). Partial autocorrelation is the autocorrelation between y, and y,_;,
after removing any linear dependence on y1, ys, ..., ¥:n+1. The partial lag-h autocorrelation

is denoted Ph.h-

Theoretical ACF and PACF

The autocorrelation function (ACF) for a time series y;, t = 1,...,N, is the sequence Ph> h

=1, 2,...,N - 1. The partial autocorrelation function (PACF) is the sequence Phh> h=1,
2,...N—1.

The theoretical ACF and PACF for the AR, MA, and ARMA conditional mean models
are known, and quite different for each model. The differences in ACF and PACF among
models are useful when selecting models. The following summarizes the ACF and PACF
behavior for these models.

3-13



3 Model Selection

3-14

Conditional Mean | ACF PACF

Model

AR(p) Tails off gradually Cuts off after p lags
MA(q) Cuts off after q lags Tails off gradually
ARMA(p,q) Tails off gradually Tails off gradually

Sample ACF and PACF

Sample autocorrelation and sample partial autocorrelation are statistics that estimate
the theoretical autocorrelation and partial autocorrelation. As a qualitative model
selection tool, you can compare the sample ACF and PACF of your data against known
theoretical autocorrelation functions [1].

For an observed series y1, ys,...,y7, denote the sample mean Y- The sample lag-h
autocorrelation is given by

T _ _
ST
2 tT:1 G, -9

The standard error for testing the significance of a single lag-h autocorrelation, Ph , 18
approximately

_ h-1 29
SE, = \/(1+ 2y P)/N.

When you use autocorr to plot the sample autocorrelation function (also known as the

correlogram), approximate 95% confidence intervals are drawn at +2SEp by default.
Optional input arguments let you modify the calculation of the confidence bounds.

The sample lag-h partial autocorrelation is the estimated lag-A coefficient in an AR

model containing A lags, $h.h- The standard error for testing the significance of a single

lag-h partial autocorrelation is approximately 1/ VN -1. When you use parcorr to plot
the sample partial autocorrelation function, approximate 95% confidence intervals are




Autocorrelation and Partial Autocorrelation

drawn at * 2/ VN -1 by default. Optional input arguments let you modify the calculation
of the confidence bounds.

References

[1] Box, G. E. P., G. M. Jenkins, and G. C. Reinsel. Time Series Analysis: Forecasting and
Control. 3rd ed. Englewood Cliffs, NJ: Prentice Hall, 1994.

See Also

autocorr | parcorr

Related Examples

. “Detect Autocorrelation” on page 3-18

. “Detect ARCH Effects” on page 3-28

. “Box-Jenkins Model Selection” on page 3-4

More About

. “Ljung-Box Q-Test” on page 3-16

. “Autoregressive Model” on page 5-18

. “Moving Average Model” on page 5-27

. “Autoregressive Moving Average Model” on page 5-34
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Ljung-Box Q-Test

3-16

The sample autocorrelation function (ACF) and partial autocorrelation function (PACF)
are useful qualitative tools to assess the presence of autocorrelation at individual lags.
The Ljung-Box Q-test is a more quantitative way to test for autocorrelation at multiple
lags jointly [1]. The null hypothesis for this test is that the first m autocorrelations are
jointly zero,

HO:p1:p2:"‘:pm:0'

The choice of m affects test performance. If N is the length of your observed time series,

choosing™ = In(N) is recommended for power [2]. You can test at multiple values of m.
If seasonal autocorrelation is possible, you might consider testing at larger values of m,
such as 10 or 15.

The Ljung-Box test statistic is given by

pr

QU =N +23 "

.

This is a modification of the Box-Pierce Portmanteau “Q” statistic [3]. Under the null
2

hypothesis, Q(m) follows a Xm distribution.

You can use the Ljung-Box Q-test to assess autocorrelation in any series with a constant
mean. This includes residual series, which can be tested for autocorrelation during model
diagnostic checks. If the residuals result from fitting a model with g parameters, you

2
should compare the test statistic to a X distribution with m — g degrees of freedom.
Optional input arguments to Ibgtest let you modify the degrees of freedom of the null
distribution.

You can also test for conditional heteroscedasticity by conducting a Ljung-Box Q-test on
a squared residual series. An alternative test for conditional heteroscedasticity is Engle’s
ARCH test (archtest).

References

[1] Ljung, G. and G. E. P. Box. “On a Measure of Lack of Fit in Time Series Models.”
Biometrika. Vol. 66, 1978, pp. 67-72.
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[2] Tsay, R. S. Analysis of Financial Time Series. 3rd ed. Hoboken, NdJ: John Wiley &
Sons, Inc., 2010.

[3] Box, G. E. P. and D. Pierce. “Distribution of Residual Autocorrelations in
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See Also
archtest | Ibgtest

Related Examples
. “Detect Autocorrelation” on page 3-18
. “Detect ARCH Effects” on page 3-28

More About

. “Autocorrelation and Partial Autocorrelation” on page 3-13
. “Engle’s ARCH Test” on page 3-25

. “Residual Diagnostics” on page 3-90

. “Conditional Mean Models” on page 5-3
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Detect Autocorrelation
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In this section...

“Compute Sample ACF and PACF” on page 3-18
“Conduct the Ljung-Box Q-Test” on page 3-21

Compute Sample ACF and PACF

This example shows how to compute the sample autocorrelation function (ACF) and
partial autocorrelation function (PACF) to qualitatively assess autocorrelation.

The time series is 57 consecutive days of overshorts from a gasoline tank in Colorado.

Step 1. Load the data.

Load the time series of overshorts.

load(fullfile(matlabroot, "examples®, "econ”, "Data_Overshort.mat®))
Y Data;
N length(Y);

figure
plot(Y)
xIim([O,N1)

title("Overshorts for 57 Consecutive Days®)
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The series appears to be stationary.

Step 2. Plot the sample ACF and PACF.

Plot the sample autocorrelation function (ACF) and partial autocorrelation function

(PACPF).

figure
subplot(2,1,1)
autocorr(Y)
subplot(2,1,2)
parcorr(Y)
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The sample ACF and PACF exhibit significant autocorrelation. The sample ACF has
significant autocorrelation at lag 1. The sample PACF has significant autocorrelation at
lags 1, 3, and 4.

The distinct cutoff of the ACF combined with the more gradual decay of the PACF
suggests an MA(1) model might be appropriate for this data.

Step 3. Store the sample ACF and PACF values.

Store the sample ACF and PACF values up to lag 15.

acft = autocorr(Y,15);
pacft = parcorr(Y,15);
[length(acf) length(pacf)]
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ans =

16 16

The outputs acF and pacT are vectors storing the sample autocorrelation and partial
autocorrelation at lags 0, 1,...,15 (a total of 16 lags).

Conduct the Ljung-Box Q-Test
This example shows how to conduct the Ljung-Box Q-test for autocorrelation.

The time series is 57 consecutive days of overshorts from a gasoline tank in Colorado.

Step 1. Load the data.

Load the time series of overshorts.

load(fullfile(matlabroot, "examples”®, "econ”, "Data_Overshort.mat®))
Y = Data;
N = length(Y);

figure
plot(Y)
xHim([O0,N]D)

title("Overshorts for 57 Consecutive Days")
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Overshorts for 57 Consecutive Days
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The data appears to fluctuate around a constant mean, so no data transformations are
needed before conducting the Ljung-Box Q-test.

Step 2. Conduct the Ljung-Box Q-test.

Conduct the Ljung-Box Q-test for autocorrelation at lags 5, 10, and 15
[h,p,Qstat,crit] = lbqtest(Y, "Lags”,[5,10,15])

h =
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p:

0.0016 0.0007 0.0013
Qstat =

19.3604 30.5986 36.9639
crit =

11.0705 18.3070 249958

All outputs are vectors with three elements, corresponding to tests at each of the three
lags. The first element of each output corresponds to the test at lag 5, the second element
corresponds to the test at lag 10, and the third element corresponds to the test at lag 15.

The test decisions are stored in the vector h. The value h = 1 means reject the

null hypothesis. Vector p contains the p-values for the three tests. At the «« = (1005
significance level, the null hypothesis of no autocorrelation is rejected at all three lags.
The conclusion is that there is significant autocorrelation in the series.

The test statistics and X~ critical values are given in outputs Qstat and crit,
respectively.

References

[1] Brockwell, P. J. and R. A. Davis. Introduction to Time Series and Forecasting. 2nd ed.
New York, NY: Springer, 2002.

See Also

autocorr | Ibgtest | parcorr

Related Examples
. “Detect ARCH Effects” on page 3-28
. “Choose ARMA Lags Using BIC” on page 5-135
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“Specify Multiplicative ARIMA Model” on page 5-52
“Specify Conditional Mean and Variance Models” on page 5-79

More About

“Autocorrelation and Partial Autocorrelation” on page 3-13
“Ljung-Box Q-Test” on page 3-16

“Moving Average Model” on page 5-27

“Goodness of Fit” on page 3-88
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Engle’s ARCH Test

An uncorrelated time series can still be serially dependent due to a dynamic

conditional variance process. A time series exhibiting conditional heteroscedasticity

—or autocorrelation in the squared series—is said to have autoregressive conditional
heteroscedastic (ARCH) effects. Engle’s ARCH test is a Lagrange multiplier test to assess
the significance of ARCH effects [1].

Consider a time series

Yy = My +&;,

where 4 is the conditional mean of the process, and €; is an innovation process with
mean zero.

Suppose the innovations are generated as
€ =012,

where z; 1s an independent and identically distributed process with mean 0 and variance
1. Thus,

E(e&1) =0

for all lags 2 # 0 and the innovations are uncorrelated.

Let H; denote the history of the process available at time ¢. The conditional variance of y;
is

Var(y, | H, ) =Var(e, | H, )= E(e | H, ;)= 2.

Thus, conditional heteroscedasticity in the variance process is equivalent to
autocorrelation in the squared innovation process.

Define the residual series

e =y — My
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If all autocorrelation in the original series, y;, is accounted for in the conditional mean
model, then the residuals are uncorrelated with mean zero. However, the residuals can
still be serially dependent.

The alternative hypothesis for Engle’s ARCH test is autocorrelation in the squared
residuals, given by the regression

L2 2 2
H,:e =oy+oqe;q+...+a,e . +u;,
where u; is a white noise error process. The null hypothesis is

HO :(XO =O£1 :...:am =0.
To conduct Engle’s ARCH test using archtest, you need to specify the lag m in the
alternative hypothesis. One way to choose m is to compare loglikelihood values for
different choices of m. You can use the likelihood ratio test (Iratiotest) or information

criteria (@aicbic) to compare loglikelihood values.

To generalize to a GARCH alternative, note that a GARCH(P,®) model is locally
equivalent to an ARCH(P + @) model. This suggests also considering values m = P + @ for
reasonable choices of P and Q.

The test statistic for Engle’s ARCH test is the usual F statistic for the regression on the

2
squared residuals. Under the null hypothesis, the F statistic follows aX  distribution
with m degrees of freedom. A large critical value indicates rejection of the null hypothesis
in favor of the alternative.

As an alternative to Engle’s ARCH test, you can check for serial dependence (ARCH
effects) in a residual series by conducting a Ljung-Box Q-test on the first m lags of

the squared residual series with Ibqtest. Similarly, you can explore the sample
autocorrelation and partial autocorrelation functions of the squared residual series for
evidence of significant autocorrelation.

References

[1] Engle, Robert F. “Autoregressive Conditional Heteroskedasticity with Estimates of
the Variance of United Kingdom Inflation.” Econometrica. Vol. 50, 1982, pp. 987—
1007.
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See Also

aicbic | archtest | Ibqtest | Iratiotest

Related Examples
. “Detect ARCH Effects” on page 3-28
. “Specify Conditional Mean and Variance Models” on page 5-79

More About

. “Ljung-Box Q-Test” on page 3-16

. “Autocorrelation and Partial Autocorrelation” on page 3-13
. “Model Comparison Tests” on page 3-65

. “Information Criteria” on page 3-63

. “Conditional Variance Models” on page 6-2
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Detect ARCH Effects
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In this section...

“Test Autocorrelation of Squared Residuals” on page 3-28
“Conduct Engle's ARCH Test” on page 3-31

Test Autocorrelation of Squared Residuals

This example shows how to inspect a squared residual series for autocorrelation by
plotting the sample autocorrelation function (ACF) and partial autocorrelation function
(PACF). Then, conduct a Ljung-Box Q-test to more formally assess autocorrelation.

Load the Data.

Load the NASDAQ data included with the toolbox. Convert the daily close composite
index series to a percentage return series.

load Data_ Equityldx;
y DataTable.NASDAQ;
r 100*price2ret(y);
T length(r);

figure

plot(r)

xIim([O0,T1)

title("NASDAQ Daily Returns*®)
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NASDAQ Daily Retums
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The returns appear to fluctuate around a constant level, but exhibit volatility clustering.
Large changes in the returns tend to cluster together, and small changes tend to cluster
together. That is, the series exhibits conditional heteroscedasticity.

The returns are of relatively high frequency. Therefore, the daily changes can be small.
For numerical stability, it is good practice to scale such data.

Plot the Sample ACF and PACF.
Plot the sample ACF and PACF for the squared residual series.
e = r - mean(r);

figure
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subplot(2,1,1)
autocorr(e.-"2)
subplot(2,1,2)
parcorr(e.-"2)
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The sample ACF and PACF show significant autocorrelation in the squared residual
series. This indicates that volatility clustering is present in the residual series.

Conduct a Ljung-Box Q-test.

Conduct a Ljung-Box Q-test on the squared residual series at lags 5 and 10.

[h,p] = lbgtest(e.-~2,"Lags",[5,10])
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The null hypothesis is rejected for the two tests (h = 1). The p values for both tests is
0. Thus, not all of the autocorrelations up to lag 5 (or 10) are zero, indicating volatility
clustering in the residual series.

Conduct Engle's ARCH Test

This example shows how to conduct Engle's ARCH test for conditional heteroscedasticity.
Load the Data.

Load the NASDAQ data included with the toolbox. Convert the daily close composite
index series to a percentage return series.

load Data Equityldx;
y DataTable.NASDAQ;
r 100*price2ret(y);
T length(r);

figure

plot(r)

xIim([O0,T1)

title("NASDAQ Daily Returns*®)
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The returns appear to fluctuate around a constant level, but exhibit volatility clustering.
Large changes in the returns tend to cluster together, and small changes tend to cluster
together. That is, the series exhibits conditional heteroscedasticity.

The returns are of relatively high frequency. Therefore, the daily changes can be small.
For numerical stability, it is good practice to scale such data.

Conduct Engle's ARCH Test.

Conduct Engle's ARCH test for conditional heteroscedasticity on the residual series,
using two lags in the alternative hypothesis.

e = r - mean(r);
[h,p,fStat,crit] = archtest(e, "Lags”,2)
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fStat =

399.9693

crit =

5.9915

The null hypothesis is soundly rejected (h = 1, p = 0) in favor of the ARCH(2)
alternative. The F statistic for the test is 399.97, much larger than the critical value

from the 1'l." distribution with two degrees of freedom, 5.99.

The test concludes there is significant volatility clustering in the residual series.

See Also

archtest | autocorr | Ibgtest | parcorr

Related Examples
. “Detect Autocorrelation” on page 3-18

. “Specify Conditional Mean and Variance Models” on page 5-79

More About

. “Engle’s ARCH Test” on page 3-25

. “Autocorrelation and Partial Autocorrelation” on page 3-13
. “Conditional Variance Models” on page 6-2
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Unit Root Nonstationarity

In this section...

“What Is a Unit Root Test?” on page 3-34
“Modeling Unit Root Processes” on page 3-34
“Available Tests” on page 3-39

“Testing for Unit Roots” on page 3-40

What Is a Unit Root Test?

A unit root process is a data-generating process whose first difference is stationary. In
other words, a unit root process y; has the form
¥:; = y.1 + stationary process.

A unit root test attempts to determine whether a given time series is consistent with a
unit root process.

The next section gives more details of unit root processes, and suggests why it is
important to detect them.

Modeling Unit Root Processes

There are two basic models for economic data with linear growth characteristics:

* Trend-stationary process (TSP): y, = ¢ + &t + stationary process

+ Unit root process, also called a difference-stationary process (DSP): Ay, =6 +
stationary process

Here A is the differencing operator, Ay; =y, — y,.1 = (1 — L)y,, where L is the lag operator
defined by L'y, = y,_;.

The processes are indistinguishable for finite data. In other words, there are both a

TSP and a DSP that fit a finite data set arbitrarily well. However, the processes are
distinguishable when restricted to a particular subclass of data-generating processes,
such as AR(p) processes. After fitting a model to data, a unit root test checks if the AR(1)
coefficient is 1.
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There are two main reasons to distinguish between these types of processes:

* “Forecasting” on page 3-35

*  “Spurious Regression” on page 3-38
Forecasting

A TSP and a DSP produce different forecasts. Basically, shocks to a TSP return to the
trend line ¢ + 6t as time increases. In contrast, shocks to a DSP might be persistent over
time.

For example, consider the simple trend-stationary model
Vit = 0-9_)’1,17 1 +0.02t + &1

and the difference-stationary model
y2:=0.2+y9, 1+ &9,

In these models, &, and ey, are independent innovation processes. For this example, the
innovations are independent and distributed N(0,1).

Both processes grow at rate 0.2. To calculate the growth rate for the TSP, which has a
linear term 0.02¢, set £,(¢) = 0. Then solve the model y,(f) = ¢ + 6t for ¢ and §:
¢+ 6t =0.9(c + 6(t-1)) + 0.02¢.

The solutionis ¢ =-1.8,§ =0.2.

A plot for £ = 1:1000 shows the TSP stays very close to the trend line, while the DSP has
persistent deviations away from the trend line.

T = 1000; % Sample size
t = (1:T)"; % Period vector
rng(5); % For reproducibility

randm = randn(T,2); % Innovations
y = zeros(T,2); % Columns of y are data series

% Build trend stationary series

y(:,1) = .02*t + randm(:,1);
for i1 = 2:T

y(@i,1) = y(ii,1) + y(ii-1,1)*.9;
end

% Build difference stationary series
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y(:,2) = .2 + randm(:,2);
y(:,2) = cumsum(y(:,2));
figure

plot(y(:,1),"b")

hold on

plot(y(:.,2),"9")

plot((1:T)*0.2,"k--7)

legend("Trend Stationary®,"Difference Stationary”
"Trend Line","Location”, "NorthWest")

hold off
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Forecasts based on the two series are different. To see this difference, plot the predicted
behavior of the two series using vgxpred. The following plot shows the last 100 data
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points in the two series and predictions of the next 100 points, including confidence
bounds.

Mdl = vgxset("AR",zeros(2), "ARSolve", ...
[true false;false true], " nx",1,"Constant”, ...
true,"n",2); % Model for independent processes
tcell = cell(1000,1); % Time as exogenous input
for 1=1:1000
tecell{i} = [i;0];
end

MdIFitted = vgxvarx(Mdl,y,tcell);
MdIFitted = vgxset(MdIFitted, "Series”, ...
{"Trend stationary”,"Difference stationary"});
fx = cell(100,1);
for i = 1:100
x{i} = [1+1000;0]; % Future times for prediction
end
[ynew,ycov] = vgxpred(MdIFitted,100,fx,y);
% This generates predictions for 100 time steps

figure;

subplot(2,1,1);

hold on;

plot((T-100:T+100)*0.2,"k--");

axis tight;

subplot(2,1,2);

hold on;

plot((T-100:T+100)*0.2,"k--");
vgxplot(MdIFitted,y(end-100:end, :),ynew,ycov);
axis tight;
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Examine the fitted parameters by executing vgxdisp(specfitted) and you find
vgxvarx did an excellent job.

The TSP has confidence intervals that do not grow with time, whereas the DSP has
confidence intervals that grow. Furthermore, the TSP goes to the trend line quickly,
while the DSP does not tend towards the trend line y = 0.2t asymptotically.

Spurious Regression

The presence of unit roots can lead to false inferences in regressions between time series.

Suppose x; and y, are unit root processes with independent increments, such as random
walks with drift
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X =c1+ %1+ e(t)
Yi=cCot Yt ea(t),

where £,(f) are independent innovations processes. Regressing y on x results, in general,

in a nonzero regression coefficient, and significant coefficient of determination R%. This
result holds despite x; and y; being independent random walks.

If both processes have trends (c; # 0), there is a correlation between x and y because of
their linear trends. However, even if the ¢; = 0, the presence of unit roots in the x; and y,

processes yields correlation. For more information on spurious regression, see Granger
and Newbold [1].

Available Tests

There are four Econometrics Toolbox tests for unit roots. These functions test for the
existence of a single unit root. When there are two or more unit roots, the results of these
tests might not be valid.

* “Dickey-Fuller and Phillips-Perron Tests” on page 3-39

+ “KPSS Test” on page 3-40

+ “Variance Ratio Test” on page 3-40
Dickey-Fuller and Phillips-Perron Tests

adftest performs the augmented Dickey-Fuller test. pptest performs the Phillips-
Perron test. These two classes of tests have a null hypothesis of a unit root process of the
form

Y=y tctot+e,

which the functions test against an alternative model
Y=Yy tet+otte,

where y < 1. The null and alternative models for a Dickey-Fuller test are like those for a
Phillips-Perron test. The difference is adftest extends the model with extra parameters
accounting for serial correlation among the innovations:

ye=cHO0t+yy 1+t PiAyio1+ GoAyi o HF PNy, t ey
where

* L is the lag operator: Ly, = y, ;.
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* A=1-L,s0Ay;=y;— Y.

* g 1s the innovations process.
Phillips-Perron adjusts the test statistics to account for serial correlation.

There are three variants of both adftest and pptest, corresponding to the following
values of the "model ® parameter:

*  "AR" assumes c and §, which appear in the preceding equations, are both 0; the "AR"
alternative has mean 0.

* "ARD" assumes § is 0. The "ARD" alternative has mean c/(1-y).

*+  "TS" makes no assumption about ¢ and 6.

For information on how to choose the appropriate value of "model *, see “Choose Models
to Test” on page 3-41.

KPSS Test

The KPSS test, kpsstest, is an inverse of the Phillips-Perron test: it reverses the null
and alternative hypotheses. The KPSS test uses the model:

y; =¢; + 6t + uy, with

ct=c¢cp1t Uy

Here u; is a stationary process, and v; is an 1.1.d. process with mean 0 and variance o
The null hypothesis is that 0® = 0, so that the random walk term ¢, becomes a constant

intercept. The alternative is ¢® > 0, which introduces the unit root in the random walk.
Variance Ratio Test

The variance ratio test, vratiotest, is based on the fact that the variance of a
random walk increases linearly with time. vratiotest can also take into account
heteroscedasticity, where the variance increases at a variable rate with time. The test
has a null hypotheses of a random walk:

Ayt =&

Testing for Unit Roots

* “Transform Data” on page 3-41
* “Choose Models to Test” on page 3-41
* “Determine Appropriate Lags” on page 3-41



Unit Root Nonstationarity

“Conduct Unit Root Tests at Multiple Lags” on page 3-42

Transform Data

Transform your time series to be approximately linear before testing for a unit root. If
a series has exponential growth, take its logarithm. For example, GDP and consumer
prices typically have exponential growth, so test their logarithms for unit roots.

If you want to transform your data to be stationary instead of approximately linear, unit
root tests can help you determine whether to difference your data, or to subtract a linear
trend. For a discussion of this topic, see “What Is a Unit Root Test?” on page 3-34

Choose Models to Test

For adftest or pptest, choose model in as follows:

+ If your data shows a linear trend, set model to "TS".

+ If your data shows no trend, but seem to have a nonzero mean, set model to
"ARD".

+ If your data shows no trend and seem to have a zero mean, set model to "AR" (the
default).

For kpsstest, set trend to true (default) if the data shows a linear trend.
Otherwise, set trend to false.

For vratiotest, set 11D to true if you want to test for independent, identically
distributed innovations (no heteroscedasticity). Otherwise, leave 11D at the default
value, false. Linear trends do not affect vratiotest.

Determine Appropriate Lags

Setting appropriate lags depends on the test you use:

adftest — One method is to begin with a maximum lag, such as the one
recommended by Schwert [2]. Then, test down by assessing the significance of the
coefficient of the term at lag pya.. Schwert recommends a maximum lag of

Pmax = Mmaximum lag =L12(T/100)1/4J,

where | x] is the integer part of x. The usual ¢ statistic is appropriate for testing the
significance of coefficients, as reported in the reg output structure.
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Another method is to combine a measure of fit, such as SSR, with information criteria
such as AIC, BIC, and HQC. These statistics also appear in the reg output structure.
Ng and Perron [3] provide further guidelines.

+ Kkpsstest — One method is to begin with few lags, and then evaluate the sensitivity
of the results by adding more lags. For consistency of the Newey-West estimator, the
number of lags must go to infinity as the sample size increases. Kwiatkowski et al. [4]

suggest using a number of lags on the order of 7"% where T is the sample size.

For an example of choosing lags for kpsstest, see “Test Time Series Data for a Unit
Root” on page 3-50.

+ pptest — One method is to begin with few lags, and then evaluate the sensitivity of
the results by adding more lags. Another method is to look at sample autocorrelations
of y; — y;_1; slow rates of decay require more lags. The Newey-West estimator is
consistent if the number of lags is O(T"%), where T'is the effective sample size,
adjusted for lag and missing values. White and Domowitz [5] and Perron [6] provide
further guidelines.

For an example of choosing lags for pptest, see “Test Time Series Data for a Unit
Root” on page 3-50.

* vratiotest does not use lags.
Conduct Unit Root Tests at Multiple Lags

Run multiple tests simultaneously by entering a vector of parameters for lags, alpha,
model, or test. All vector parameters must have the same length. The test expands
any scalar parameter to the length of a vector parameter. For an example using this
technique, see “Test Time Series Data for a Unit Root” on page 3-50.
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See Also

adftest | kpsstest | pptest | vgxpred | vratiotest

Related Examples
. “Unit Root Tests” on page 3-44

. “Assess Stationarity of a Time Series” on page 3-58
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Unit Root Tests

In this section...

“Test Simulated Data for a Unit Root” on page 3-44
“Test Time Series Data for a Unit Root” on page 3-50
“Test Stock Data for a Random Walk” on page 3-53

Test Simulated Data for a Unit Root

This example shows how to test univariate time series models for stationarity. It shows
how to simulate data from four types of models: trend stationary, difference stationary,
stationary (AR(1)), and a heteroscedastic, random walk model. It also shows that the
tests yield expected results.

Simulate four time series.

T
t

1e3; % Sample size
a:mn-; % Time multiple

rng(142857); % For reproducibility
yl = randn(T,1) + .2*t; % Trend stationary

arima(*D",1,"Constant”,0.2,"Variance",1);

mMdl2 =
= simulate(Md12,T,"Y0",0); % Difference stationary

y2

arima("AR",0.99, "Constant®,0.2, "Variance®,1);

mMdi3 =
= simulate(MdI3,T,"Y0",0); % AR(1)

y3

Mdl4 = arima("D",1,"Constant”,0.2,"Variance",1);
sigma = (sin(t/200) + 1.5)/2; % Std deviation

e = randn(T,1).*sigma; % Innovations

y4 = filter(Mdl4,e,"Y0",0); % Heteroscedastic

Plot the first 100 points in each series.
y = [yl y2 y3 y4];
figure;

plotl = plot(y(1:100,:));
plotl(l).LineWidth = 2;
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plotl(3).LineStyle
plotl(3).LineWidth
plotl(4).LineStyle :
plotl(4).LineWidth = 2;
title "{\bf First 100 Periods of Each Series}";
legend("Trend Stationary®,"Difference Stationary”,"AR(1)", ...
"Heteroscedastic”, "location”, "northwest®);

2;

First 100 Periods of Each Series

35 T . . .
e Trend Stationary :-"-.._ S
30 | |~ Difference Stationary Lo T
AR“} -r‘...' -
= Heteroscedastic H

0 10 20 30 40 a0 G0 70 80 80 100

All of the models appear nonstationary and behave similarly. Therefore, you might find
it difficult to distinguish which series comes from which model simply by looking at their

initial segments.

Plot the entire data set.
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plot2 = plot(y);

plot2(1).LineWidth = 2;
plot2(3).LineStyle = ":";
plot2(3).LineWidth = 2;
plot2(4).LineStyle = ":";
plot2(4).LineWidth = 2;

title "{\bf Each Entire Series}";
legend("Trend Stationary®,"Difference Stationary”,"AR(1)", ...
"Heteroscedastic”®, "location”, "northwest®);

Each Entire Series

250 T T T T T T T T '
= Trend Stationary
— Difference Stationary

200 AR(1}
oo Hetergscedastic

150

100

50

_5 D i i i i i i i i i
0 100 200 300 400 500 600 YOO 800 9200 1000

The differences between the series are clearer here:

* The trend stationary series has little deviation from its mean trend.
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+ The difference stationary and heteroscedastic series have persistent deviations away
from the trend line.

* The AR(1) series exhibits long-run stationary behavior; the others grow linearly.

* The difference stationary and heteroscedastic series appear similar. However, that
the heteroscedastic series has much more local variability near period 300, and

much less near period 900. The model variance is maximal when sin(t/200) - L

at time 1007 = 314. The model variance is minimal when sit(t/200) = L at time
J007 == 942, Therefore, the visual variability matches the model.

Use the Augmented Dicky-Fuller test on the three growing series (y1, y2,

and y4) to assess whether the series have a unit root. Since the series are
growing, specify that there is a trend. In this case, the null hypothesis is
Ho:ye=yea + e+ biAy1 + baAy 2 + £t and the alternative hypothesis is

Hy iy =ayy +c+ 6t + hiAy 1 + brAye2 + £, Set the number of lags to 2 for
demonstration purposes.

hYl = adftest(yl, "model”,"ts", "lags”,2)
hY2 = adftest(y2, "model”,"ts", "lags”,2)
hY4 = adftest(y4, "model”,"ts", "lags”,2)
hYl =

1
hY2 =

0
hY4 =

0

* hY1l = 1indicates that there is sufficient evidence to auggest that y1 is trend
stationary. This is the correct decision because y1 is trend stationary by construction.

* hY2 = O indicates that there is not enough evidence to suggest that y2 is
trend stationary. This is the correct decision since y2 is difference stationary by
construction.
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* hY4 = O indicates that there is not enough evidence to suggest that y4 is trend
stationary. This is the correct decision, however, the Dickey-Fuller test is not
appropriate for a heteroscedastic series.

Use the Augmented Dickey-Fuller test on the AR(1) series (y3) to assess
whether the series has a unit root. Since the series is not growing, specify that
the series is autoregressive with a drift term. In this case, the null hypothesis

is Ho t g = yer + biAye1 + b2Aye 2 + 24 and the alternative hypothesis is

Hy iy = ayey + Ay 1 + baAye 2 + 21, Set the number of lags to 2 for demonstration
purposes.

hY3 = adftest(y3, "model*®,"ard", "lags”,2)

hY3 =

hY3 = 1 indicates that there is enough evidence to suggest that y3 is a stationary,
autoregressive process with a drift term. This is the correct decision because y3 is an
autoregressive process with a drift term by construction.

Use the KPSS test to assess whether the series are unit root nonstationary. Specify
that there is a trend in the growing series (y1, y2, and y4). The KPSS test assumes the
following model:

My = €t H at 4 1y
Cp = Cj—1 + E¢,

where Ut is a stationary process and %t is an independent and identically distributed
process with mean 0 and variance o”. Whether there is a trend in the model, the null

hypothesis is Ho @ & 2 =0 (the series is trend stationary) and the alternative hypothesis

isHy 0 >0 (not trend stationary). Set the number of lags to 2 for demonstration
purposes.

hYl = kpsstest(yl, "lags®,2, "trend”,true)
hY2 = kpsstest(y2, "lags®,2, "trend”,true)
hY3 = kpsstest(y3, "lags”,2)

hY4 = kpsstest(y4, "lags®,2, "trend”,true)
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hy1

hy2

hy3

hy4

All is tests result in the correct decision.

Use the variance ratio test on al four series to assess whether the series are random

walks. The null hypothesis is Ho: Viar{Ayi) is constant, and the alternative hypothesis

is Hy: Var(Ay) is not constant. Specify that the innovations are independent and

identically distributed for all but y1. Test y4 both ways.

hy1
hy2
hy3

vratiotest(yl)
vratiotest(y2,"1ID",true)
vratiotest(y3,"1ID",true)

hY4Notl 1D = vratiotest(y4)
hY411D = vratiotest(y4, "1ID",true)

hy1

hy2
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hyY3 =

0
hY4Notl 1D =

0
hY4l1ID =

0

All tests result in the correct decisions, except for hY4 2 = 0. This test does not
reject the hypothesis that the heteroscedastic process is an IID random walk. This
inconsistency might be associated with the random seed.

Alternatively, you can assess stationarity using pptest

Test Time Series Data for a Unit Root

This example shows how to test a univariate time series for a unit root. It uses wages
data (1900-1970) in the manufacturing sector. The series is in the Nelson-Plosser data
set.

Load the Nelson-Plosser data. Extract the nominal wages data.

load Data NelsonPlosser
wages = DataTable.WN;

Trim the NaN values from the series and the corresponding dates (this step is optional,
since the test ignores NaN values).

wDates = dates(isfinite(wages));
wages = wages(isfinite(wages));

Plot the data to look for trends.

plot(wDates,wages)
title("Wages™)
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The plot suggests exponential growth.

Transform the data using the log function to linearize the series.
logWages = log(wages);

plot(wDates, logWages)
title("Log Wages™)
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Log Wages
9.5 . . . ;
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The data appear to have a linear trend.

Test the hypothesis that the series is a unit root process with a trend (difference
stationary), against the alternative that there is no unit root (trend stationary). Set
"lags”,[7:2:11], as suggested in Kwiatkowski et al., 1992.

[h,pValue] = kpsstest(logWages, "lags”,[7:2:11])

Warning: Test statistic #1 below tabulated critical values:
maximum p-value = 0.100 reported.
Warning: Test statistic #2 below tabulated critical values:
maximum p-value = 0.100 reported.
Warning: Test statistic #3 below tabulated critical values:
maximum p-value = 0.100 reported.
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pvValue =

0.1000 0.1000 0.1000

kpsstest fails to reject the hypothesis that the wages series is trend stationary. If the
result would have been [1 1 1], the two inferences would provide consistent evidence of a
unit root. It remains unclear whether the data has a unit root. This is a typical result of
tests on many macroeconomic series.

The warnings that the test statistic "...is below tabulated critical values" does not
indicate a problem. kpsstest has a limited set of calculated critical values. When it
calculates a test statistic that is outside this range, the test reports the p-value at the
appropriate endpoint. So, in this case, pValue reflects the closest tabulated value. When
a test statistic lies inside the span of tabulated values, kpsstest linearly interpolates
the p-value.

Test Stock Data for a Random Walk

This example shows how to assess whether a time series is a random walk. It uses
market data for daily returns of stocks and cash (money market) from the period January
1, 2000 to November 7, 2005.

Load the data.
load CAPMuniverse

Extract two series to test. The first column of data is the daily return of a technology
stock. The last (14th) column is the daily return for cash (the daily money market rate).

techl
money

Data(:,1);
Data(:,14);

The returns are the logs of the ratios of values at the end of a day over the values at the
beginning of the day.

Convert the data to prices (values) instead of returns. vratiotest takes prices as
inputs, as opposed to returns.
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techl
money

Plot the data to see whether they appear to be stationary.

subplot(2,1,1)
plot(Dates,techl);
title("Log(relative stock value)*®)

cumsum(techl);
cumsum(money) ;

datetick("x")
hold on

subplot(2,1,2);
plot(Dates,money)

title("Log(accumulated cash)*®)
datetick("x")

hold off
Log(relative stock value)
2 T T T T T X
o
Lo
1k _
0 MM A, 1
“ th
\
_1 i i i i i
2000 2001 2002 2003 2004 2005 2006
Log(accumulated cash)
0.2 . . . . .
0.15 7
01} o — -
- __.-"'d-..-f. N
0.05 -
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D i i i i i
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Cash has a small variability, and appears to have long-term trends. The stock series has
a good deal of variability, and no definite trend, though it appears to increase towards
the end.

Test whether the stock series matches a random walk.

[h,pValue,stat,cValue,ratio] = vratiotest(techl)

h =

pvalue =

0.1646

stat =

-1.3899

cValue =

1.9600

ratio =

0.9436

vratiotest does not reject the hypothesis that a random walk is a reasonable model for
the stock series.

Test whether an 1.1.d. random walk is a reasonable model for the stock series.

[h,pValue,stat,cValue,ratio] = vratiotest(techl, 11D",true)

h =
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pvalue =

0.0304

stat =

-2.1642

cValue =

1.9600

ratio =
0.9436
vratiotest rejects the hypothesis that an i.1.d. random walk is a reasonable model

for the techl stock series at the 5% level. Thus, vratiotest indicates that the most
appropriate model of the techl series is a heteroscedastic random walk.

Test whether the cash series matches a random walk.

[h,pValue,stat,cValue,ratio] = vratiotest(money)

h =

pvalue =

4.6093e-145

stat =

25.6466
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cValue =

1.9600

ratio =
2.0006
vratiotest emphatically rejects the hypothesis that a random walk is a reasonable

model for the cash series (pValue = 4.6093e-145). The removal of a trend from the
series does not affect the resulting statistics.

References
[1] Kwiatkowski, D., P. C. B. Phillips, P. Schmidt and Y. Shin. “Testing the Null

Hypothesis of Stationarity against the Alternative of a Unit Root.” Journal of
Econometrics. Vol. 54, 1992, pp. 159-178.

See Also

adftest | kpsstest | pptest | vratiotest

More About

. “Unit Root Nonstationarity” on page 3-34
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Assess Stationarity of a Time Series

3-58

This example shows how to check whether a linear time series is a unit root process
in several ways. You can assess unit root nonstationarity statistically, visually, and
algebraically.

Simulate Data
Suppose that the true model for a linear time series is

(1 —-02L)(1— L)y = (1 — 0.5L)e,

where the innovation series £t is iid with mean 0 and variance 1.5. Simulate data from
this model. This model is a unit root process because the lag polynomial of the right side
has characteristic root 1.

SimMod = arima("AR",0.2,"MA",-0.5,"D",1, "Constant”,0, ...
"Variance®,1.5);

T = 30;

rng(5);

Y = simulate(SimMod,T);

Assess Stationarity Statistically

Econometrics Toolbox™ has four formal tests to choose from to check if a time series is
nonstationary: adftest, kpsstest, pptest, and vratiotest. Use adftest to perform
the Dickey-Fuller test on the data that you simulated in the previous steps.

adftest(Y)

ans =

The test result indicates that you should not reject the null hypothesis that the series is a
unit root process.

Assess Stationarity Visually

Suppose you don't have the time series model, but you have the data. Inspect a plot of
the data. Also, inspect the plots of the sample autocorrelation function (ACF) and sample
partial autocorrelation function (PACF).
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Sample Autocorrelation

Sample Partial Autocorrelations

plot(Y);
title("Simulated Time Series®)
xlabel ("t")
ylabel ("Y")
subplot(2,1,1)
autocorr(Y)
subplot(2,1,2)
parcorr(Y)
Sample Autocorrelation Function
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.
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Sample Partial Autocorrelation Function
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The downward sloping of the plot indicates a unit root process. The lengths of the line
segments on the ACF plot gradually decay, and continue this pattern for increasing lags.
This behavior indicates a nonstationary series.
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Assess Stationarity Algebraically

Suppose you have the model in standard form:
e - l.Eyr 1 ”.gl'.l ] + £y {}.-r!';'r 1=
Write the equation in lag operator notation and solve for ¥t to get

1-0.5L
1 - 1.2L +02L%°"

W=
Use LagOp to convert the rational polynomial to a polynomial. Also, use isStable to
inspect the characteristic roots of the denominator.
num = LagOp([1 -0.5]);
denom = LagOp([1 -1.2 0.2]);
quot = mrdivide(num,denom);

[r1,r2] = isStable(denom)

Warning: Termination window not currently open and coefficients
are not below tolerance.

ri

r2

1.0000
0.2000

This warning indicates that the resulting quotient has a degree larger than 1001, e.g.,
there might not be a terminating degree. This indicates instability. r1 = O indicates
that the denominator is unstable. r2 is a vector of characteristics roots, one of the roots is
1. Therefore, this is a unit root process.

isStable is a numerical routine that calculates the characteristic values of a
polynomial. If you use quOt as an argument to isStable, then the output might
indicate that the polynomial is stable (i.e., all characteristic values are slightly less than
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1). You might need to adjust the tolerance options of isStable to get more accurate
results.

3-61



3 Model Selection

Test Multiple Time Series

“VAR Model Case Study” on page 7-89 contains an example that uses vgxvarx

to estimate the loglikelihoods of several models, and uses Iratiotest to reject some
restricted models in favor of an unrestricted model. The calculation appears in the
example “Classical Model Misspecification Tests”.
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Information Criteria

Model comparison tests—such as the likelihood ratio, Lagrange multiplier, or Wald test
—are only appropriate for comparing nested models. In contrast, information criteria are
model selection tools that you can use to compare any models fit to the same data. That
is, the models being compared do not need to be nested.

Basically, information criteria are likelihood-based measures of model fit that include
a penalty for complexity (specifically, the number of parameters). Different information
criteria are distinguished by the form of the penalty, and can prefer different models.

Let 102L(6) genote the value of the maximized loglikelihood objective function for a
model with k& parameters fit to IV data points. Two commonly used information criteria
are:

Akaike information criterion (AIC). The AIC compares models from the
perspective of information entropy, as measured by Kullback-Leibler divergence. The
AIC for a given model is

~21log L(6) + 2k.

When comparing AIC values for multiple models, smaller values of the criterion are
better.

Bayesian information criterion (BIC). The BIC, also known as Schwarz
information criterion, compares models from the perspective of decision theory, as
measured by expected loss. The BIC for a given model is

—2log I(6) + klog(N).

When comparing BIC values for multiple models, smaller values of the criterion are
better.

Note: Some references scale information criteria values by the number of observations
(N). Econometrics Toolbox does not do this scaling. As a result, the absolute value of
measures the toolbox returns might differ from other sources by a factor of V.
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See Also

aicbic

Related Examples
. “Choose ARMA Lags Using BIC” on page 5-135

“Compare Conditional Variance Models Using Information Criteria” on page
6-86

More About

. “Model Comparison Tests” on page 3-65
. “Goodness of Fit” on page 3-88

3-64



Model Comparison Tests

Model Comparison Tests

In this section...

“Available Tests” on page 3-65
“Likelihood Ratio Test” on page 3-67
“Lagrange Multiplier Test” on page 3-67
“Wald Test” on page 3-68

“Covariance Matrix Estimation” on page 3-68

Available Tests

The primary goal of model selection is choosing the most parsimonious model that
adequately fits your data. Three asymptotically equivalent tests compare a restricted
model (the null model) against an unrestricted model (the alternative model), fit to the
same data:

+ Likelihood ratio (LR) test
*  Lagrange multiplier (LM) test
+ Wald (W) test

For a model with parameters 6, consider the restriction 7(0) =0, which is satisfied by

the null model. For example, consider testing the null hypothesis 6 =6o- The restriction
function for this test is

r6) = 6-6,.

The LR, LM, and Wald tests approach the problem of comparing the fit of a restricted

MLE
model against an unrestricted model differently. For a given data set, let 165"") denote
the loglikelihood function evaluated at the maximum likelihood estimate (MLE) of the

MLE
restricted (null) model. Let LOA™) denote the loglikelihood function evaluated at the
MLE of the unrestricted (alternative) model. The following figure illustrates the rationale
behind each test.
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+ Likelihood ratio test. If the restricted model is adequate, then the difference
. . . JOMLE ) _ 1(gMLE)
between the maximized objective functions, “\VA 0 > should not

significantly differ from zero.

* Lagrange multiplier test. If the restricted model is adequate, then the slope of the
tangent of the loglikelihood function at the restricted MLE (indicated by Tj in the
figure) should not significantly differ from zero (which is the slope of the tangent of
the loglikelihood function at the unrestricted MLE, indicated by T).

+ Wald test. If the restricted model is adequate, then the restriction function evaluated
at the unrestricted MLE should not significantly differ from zero (which is the value
of the restriction function at the restricted MLE).

The three tests are asymptotically equivalent. Under the null, the LR, LM, and Wald

test statistics are all distributed as X ? with degrees of freedom equal to the number of
restrictions. If the test statistic exceeds the test critical value (equivalently, the p-value
is less than or equal to the significance level), the null hypothesis is rejected. That is, the
restricted model is rejected in favor of the unrestricted model.

Choosing among the LR, LM, and Wald test is largely determined by computational cost:
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* To conduct a likelihood ratio test, you need to estimate both the restricted and
unrestricted models.

* To conduct a Lagrange multiplier test, you only need to estimate the restricted model
(but the test requires an estimate of the variance-covariance matrix).

* To conduct a Wald test, you only need to estimate the unrestricted model (but the test
requires an estimate of the variance-covariance matrix).

All things being equal, the LR test is often the preferred choice for comparing nested
models. Econometrics Toolbox has functionality for all three tests.

Likelihood Ratio Test

You can conduct a likelihood ratio test using Iratiotest. The required inputs are:

: .. . R 1(oMLE)
Value of the maximized unrestricted loglikelihood, “\YA

: . . o 1. 1(oMLE
Value of the maximized restricted loglikelihood, *\Y0
*  Number of restrictions (degrees of freedom)

Given these inputs, the likelihood ratio test statistic is
G* = 2x| uoy™) -ue)™™) |

When estimating conditional mean and variance models (using arima, garch, egarch,
or gjr), you can return the value of the loglikelihood objective function as an optional
output argument of estimate or infer. For multivariate time series models, you can
get the value of the loglikelihood objective function using vgxvarx.

Lagrange Multiplier Test

The required inputs for conducting a Lagrange multiplier test are:

* Gradient of the unrestricted likelihood evaluated at the restricted MLEs (the score), S

+ Variance-covariance matrix for the unrestricted parameters evaluated at the
restricted MLEs, V

Given these inputs, the LM test statistic is
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LM =S'VS.

You can conduct an LM test using Imtest. A specific example of an LM test is Engle’s
ARCH test, which you can conduct using archtest.

Wald Test

The required inputs for conducting a Wald test are:

+ Restriction function evaluated at the unrestricted MLE, r
+ Jacobian of the restriction function evaluated at the unrestricted MLEs, R

+ Variance-covariance matrix for the unrestricted parameters evaluated at the
unrestricted MLEs, V

Given these inputs, the test statistic for the Wald test is

W =r(RVR) 1r.

You can conduct a Wald test using waldtest.

Tip You can often compute the Jacobian of the restriction function analytically. Or, if you
have Symbolic Math Toolbox™, you can use the function jacobian.

Covariance Matrix Estimation

For estimating a variance-covariance matrix, there are several common methods,
including:

* Outer product of gradients (OPG). Let G be the matrix of gradients of the
loglikelihood function. If your data set has N observations, and there are m
parameters in the unrestricted likelihood, then G is an N X m matrix.

. 71 . . . . .
The matrix (G'G)™" is the OPG estimate of the variance-covariance matrix.

For arima, garch, egarch, and gjr models, the estimate method returns the OPG
estimate of the variance-covariance matrix.
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Inverse negative Hessian (INH). Given the loglikelihood function {(6), the INH
covariance estimate has elements

20 |
cov(i,j)=[——] .

96,06;

The estimation function for multivariate models, vgxvarx, returns the expected
Hessian variance-covariance matrix.

Tip If you have Symbolic Math Toolbox, you can use jacobian twice to calculate the
Hessian matrix for your loglikelihood function.

See Also

arima | egarch | garch | gjr | Imtest | Iratiotest | waldtest

Related Examples

. “Conduct a Lagrange Multiplier Test” on page 3-70

. “Conduct a Wald Test” on page 3-74

. “Compare GARCH Models Using Likelihood Ratio Test” on page 3-77

More About

. Using garch Objects

. Using egarch Objects

. Using gjr Objects

. “Goodness of Fit” on page 3-88

. “Information Criteria” on page 3-63

. “Maximum Likelihood Estimation for Conditional Mean Models” on page 5-98

. “Maximum Likelihood Estimation for Conditional Variance Models” on page
6-62
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Conduct a Lagrange Multiplier Test

This example shows how to calculate the required inputs for conducting a Lagrange
multiplier (LM) test with Imtest. The LM test compares the fit of a restricted model
against an unrestricted model by testing whether the gradient of the loglikelihood
function of the unrestricted model, evaluated at the restricted maximum likelihood
estimates (MLESs), is significantly different from zero.

The required inputs for Imtest are the score function and an estimate of the
unrestricted variance-covariance matrix evaluated at the restricted MLEs. This example
compares the fit of an AR(1) model against an AR(2) model.

Step 1. Compute the restricted MLE.

Obtain the restricted MLE by fitting an AR(1) model (with a Gaussian innovation
distribution) to the given data. Assume you have presample observations (¥-1, ) =
(9.6249,9.6396).

Y = [10.1591; 10.1675; 10.1957; 10.6558; 10.2243; 10.4429;
10.5965; 10.3848; 10.3972; 9.9478; 9.6402; 9.7761;
10.0357; 10.8202; 10.3668; 10.3980; 10.2892; 9.6310;

9.6318; 9.1378; 9.6318; 9.1378]:

YO = [9.6249; 9.6396];

model = arima(1,0,0);
fit = estimate(model,Y,"Y0",Y0);

ARIMA(1,0,0) Model:

Conditional Probability Distribution: Gaussian

Standard t
Parameter Value Error Statistic
Constant 3.29993 2.46057 1.34112
AR{1} 0.670972 0.24635 2.72366
Variance 0.125064 0.0430152 2.90743

When conducting an LM test, only the restricted model needs to be fit.
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Step 2. Compute the gradient matrix.

Estimate the variance-covariance matrix for the unrestricted AR(2) model using the
outer product of gradients (OPG) method.

For an AR(2) model with Gaussian innovations, the contribution to the loglikelihood
function at time f is given by

(4 — ¢ — Sry—1 — D2v 3]'?

log L, = - -l}.-"jlt:;_ﬂ,l[‘flrn"}:l . 207

%, . . . L .
where 7+ is the variance of the innovation distribution.

The contribution to the gradient at time f is
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Evaluate the gradient matrix, (7, at the restricted MLEs (using @z = ).

c = fit.Constant;

phil = fit.AR{1};

phi2 = 0;

sig2 = Fit.Variance;

Yt = Y;

Ytl = [9.6396; Y(l:end-1)];
Yt2 = [9-6249; Ytl(l:end-1)];
N = length(Y);

G = zeros(N,4);

G(:,1) = (Yt-c-phil*Ytl-phi2*Yt2)/sig2;
G(:,2) = Ytl_*(Yt-c-phil*Ytl-phi2*Yt2)/sig2;
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G(:,3)
G(:.4)

Yt2.*(Yt-c-phil*Ytl-phi2*Yt2)/sig2;
-0.5/sig2 + 0.5*(Yt-c-phil*Ytl-phi2*Yt2)."2/sig2"2;

Step 3. Estimate the variance-covariance matrix.

Compute the OPG variance-covariance matrix estimate.

\ inv(G"*G)

6.1431 -0.6966 0.0827 0.0367
-0.6966 0.1535 -0.0846 -0.0061
0.0827 -0.0846 0.0771 0.0024
0.0367 -0.0061 0.0024 0.0019

Step 4. Calculate the score function.

Evaluate the score function (the sum of the individual contributions to the gradient).
score = sum(G);

Step 5. Conduct the Lagrange multiplier test.

Conduct the Lagrange multiplier test to compare the restricted AR(1) model against the
unrestricted AR(2) model. The number of restrictions (the degree of freedom) is one.

[h,p,LMstat,crit] = Imtest(score,V,1l)

h =
0

p =
0.5787

LMstat =
0.3084
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crit =

3.8415

The restricted AR(1) model is not rejected in favor of the AR(2) model (h = 0).

See Also

arima | estimate | Imtest

Related Examples
. “Conduct a Wald Test” on page 3-74
. “Compare GARCH Models Using Likelihood Ratio Test” on page 3-77

More About

. “Model Comparison Tests” on page 3-65
. “Goodness of Fit” on page 3-88
. “Autoregressive Model” on page 5-18
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Conduct a Wald Test

This example shows how to calculate the required inputs for conducting a Wald test with
waldtest. The Wald test compares the fit of a restricted model against an unrestricted
model by testing whether the restriction function, evaluated at the unrestricted
maximum likelihood estimates (MLESs), is significantly different from zero.

The required inputs for waldtest are a restriction function, the Jacobian of the
restriction function evaluated at the unrestricted MLEs, and an estimate of the variance-
covariance matrix evaluated at the unrestricted MLEs. This example compares the fit of
an AR(1) model against an AR(2) model.

Step 1. Compute the unrestricted MLE.

Obtain the unrestricted MLEs by fitting an AR(2) model (with a Gaussian innovation
distribution) to the given data. Assume you have presample observations (¥-1: 4 =
(9.6249,9.6396)

Y = [10.1591; 10.1675; 10.1957; 10.6558; 10.2243; 10.4429;
10.5965; 10.3848; 10.3972; 9.9478; 9.6402; 9.7761;
10.0357; 10.8202; 10.3668; 10.3980; 10.2892; 9.6310;

9.6318; 9.1378; 9.6318; 9.1378]:

YO = [9.6249; 9.6396];

model = arima(2,0,0);
[fit,V] = estimate(model,Y,"Y0",Y0);

ARIMA(2,0,0) Model :

Conditional Probability Distribution: Gaussian

Standard t
Parameter Value Error Statistic
Constant 2.88021 2.52387 1.14119
AR{1} 0.606229 0.40372 1.50161
AR{2} 0.106309 0.292833 0.363034
Variance 0.123855 0.0425975 2.90756

When conducting a Wald test, only the unrestricted model needs to be fit. estimate
returns the estimated variance-covariance matrix as an optional output.
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Step 2. Compute the Jacobian matrix.
Define the restriction function, and calculate its Jacobian matrix.

For comparing an AR(1) model to an AR(2) model, the restriction function is
ri{c, 4_')].r_'1~h|.r}':3] =g —0 =10
The Jacobian of the restriction function is

(& & & +=]=[0 0 1 0]

L iy i ihe?

Evaluate the restriction function and Jacobian at the unrestricted MLEs.

r
R

Fit.AR{2};
[0 01 0];

Step 3. Conduct a Wald test.

Conduct a Wald test to compare the restricted AR(1) model against the unrestricted
AR(2) model.

[h,p,Wstat,crit] = waldtest(r,R,V)

0.7166

Wstat =

0.1318
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The restricted AR(1) model is not rejected in favor of the AR(2) model (h = 0).

See Also

arima | estimate | waldtest

Related Examples

. “Conduct a Lagrange Multiplier Test” on page 3-70
. “Compare GARCH Models Using Likelihood Ratio Test” on page 3-77

More About

. “Model Comparison Tests” on page 3-65
. “Goodness of Fit” on page 3-88
. “Autoregressive Model” on page 5-18
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Compare GARCH Models Using Likelihood Ratio Test

This example shows how to conduct a likelihood ratio test to choose the number of lags in
a GARCH model.

Load the Data.

Load the Deutschmark/British pound foreign-exchange rate data included with the
toolbox. Convert the daily rates to returns.

load Data MarkPound
Y Data;

r = price2ret(Y);

N length(r);

figure

plot(r)

x1im([O,N])

title("Mark-Pound Exchange Rate Returns®)
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Mark-Pound Exchange Rate Returns
Dm 1 T T T T T T T
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-0.03

The daily returns exhibit volatility clustering. Large changes in the returns tend to
cluster together, and small changes tend to cluster together. That is, the series exhibits
conditional heteroscedasticity.

The returns are of relatively high frequency. Therefore, the daily changes can be small.
For numerical stability, it is good practice to scale such data. In this case, scale the
returns to percentage returns.

r = 100*r;
Specify and Fit a GARCH(1,1) Model.

Specify and fit a GARCH(1,1) model (with a mean offset) to the returns series. Return the
value of the loglikelihood objective function.
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modell = garch("Offset”,NaN, "GARCHLags",1, "ARCHLags",1);
[fitl,~,LogL1l] = estimate(modell,r);

GARCH(1,1) Conditional Variance Model:

Conditional Probability Distribution: Gaussian

Standard t
Parameter Value Error Statistic
Constant 0.0107613 0.00132297 8.13424
GARCH{1} 0.805974 0.0165603 48.669
ARCH{1} 0.153134 0.0139737 10.9587
Offset -0.00619041 0.00843359 -0.734018

Specify and Fit a GARCH(2,1) Model.

Specify and fit a GARCH(2,1) model with a mean offset.

model2 = garch(2,1);
model2.0ffset = NaN;
[fit2,~,LogL2] = estimate(model2,r);

GARCH(2,1) Conditional Variance Model:

Conditional Probability Distribution: Gaussian

Standard t
Parameter Value Error Statistic
Constant 0.0112262 0.001538 7.29921
GARCH{1} 0.489644 0.111593 4.38776
GARCH{2} 0.297688 0.102181 2.91334
ARCH{1} 0.168419 0.0165832 10.156
Offset -0.00498368 0.00847645 -0.587945

Conduct a Likelihood Ratio Test.

Conduct a likelihood ratio test to compare the restricted GARCH(1,1) model fit to the
unrestricted GARCH(2,1) model fit. The degree of freedom for this test is one (the
number of restrictions).

[h,p] = Iratiotest(lLogL2,LogL1,1)
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0.0218

At the 0.05 significance level, the null GARCH(1,1) model is rejected (h = 1) in favor of
the unrestricted GARCH(2,1) alternative.

See Also

estimate | garch | Iratiotest

Related Examples
. “Conduct a Lagrange Multiplier Test” on page 3-70
. “Conduct a Wald Test” on page 3-74

. “Compare Conditional Variance Models Using Information Criteria” on page
6-86
More About

. Using garch Objects

. “Model Comparison Tests” on page 3-65
. “Goodness of Fit” on page 3-88

. “GARCH Model” on page 6-3
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Check Fit of Multiplicative ARIMA Model

This example shows how to do goodness of fit checks. Residual diagnostic plots help
verify model assumptions, and cross-validation prediction checks help assess predictive
performance. The time series is monthly international airline passenger numbers from
1949 to 1960.

Load the data and estimate a model.
Load the airline data set.
load(fullfile(matlabroot, "examples”, "econ”, "Data_Airline.mat"))

y log(Data);
T length(y);

Mdl = arima("Constant®,0,"D",1,"Seasonality”,12,_ ..
"MALags”®,1, "SMALags",12);
EstMdl = estimate(Mdl,y);

ARIMA(O,1,1) Model Seasonally Integrated with Seasonal MA(12):

Conditional Probability Distribution: Gaussian

Standard t
Parameter Value Error Statistic
Constant 0 Fixed Fixed
MA{1} -0.377162 0.0667944 -5.64661
SMA{12} -0.572378 0.0854395 -6.69923
Variance 0.00126337 0.00012395 10.1926

Check the residuals for normality.

One assumption of the fitted model is that the innovations follow a Gaussian
distribution. Infer the residuals, and check them for normality.

res = infer(EstMdl,y);
stres = res/sqrt(EstMdl .Variance);

figure

subplot(1,2,1)
qgplot(stres)
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X = -4:.05:4;

[f.xi] = ksdensity(stres);

subplot(1,2,2)

plot(xi,f, k", "LineWidth",2);

hold on

plot(x,normpdf(x),"r--", LineWidth",2)
legend("Standardized Residuals®, "Standard Normal*®)
hold off

2Q Plot of Sample Data versus Standard Normal
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Standard Normal Quantiles

The quantile-quantile plot (QQ-plot) and kernel density estimate show no obvious
violations of the normality assumption.
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Check the residuals for autocorrelation.

Confirm that the residuals are uncorrelated. Look at the sample autocorrelation function
(ACF) and partial autocorrelation function (PACF) plots for the standardized residuals.
figure

subplot(2,1,1)

autocorr(stres)

subplot(2,1,2)

parcorr(stres)

[h,p] = lbgtest(stres, "lags”,[5,10,15], "dof",[3,8,13])

0.1842 0.3835 0.7321
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Sample Autocorrelation Function
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Sample Partial Autocorrelations

The sample ACF and PACF plots show no significant autocorrelation. More formally,
conduct a Ljung-Box Q-test at lags 5, 10, and 15, with degrees of freedom 3, 8, and 13,
respectively. The degrees of freedom account for the two estimated moving average
coefficients.

The Ljung-Box Q-test confirms the sample ACF and PACF results. The null hypothesis
that all autocorrelations are jointly equal to zero up to the tested lag is not rejected (h =
0) for any of the three lags.

Check predictive performance.

Use a holdout sample to compute the predictive MSE of the model. Use the first 100
observations to estimate the model, and then forecast the next 44 periods.
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y(1:100);
y(101:end);

yl
y2

Mdl1l = estimate(Mdl,yl);
yF1 = forecast(Mdl1,44,°Y0",yl);
pmse = mean((y2-yF1l).72)

figure

plot(y2,"r", "LineWidth",2)

hold on

plot(yF1,"k--","LineWidth",1.5)

xhim([0,44])

title("Prediction Error™)
legend("Observed®, "Forecast”, "Location”, "NorthWest*")
hold off

ARIMA(O,1,1) Model Seasonally Integrated with Seasonal MA(12):

Conditional Probability Distribution: Gaussian

Standard t
Parameter Value Error Statistic
Constant 0 Fixed Fixed
MA{1} -0.356736 0.089461 -3.98762
SMA{12} -0.633186 0.0987442 -6.41238
Variance 0.00132855 0.000158823 8.36497
pmse =
0.0069
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Prediction Error
'55 1 T T T T

—— Observed I~
6.4  |= = Forecast

The predictive ability of the model is quite good. You can optionally compare the PMSE
for this model with the PMSE for a competing model to help with model selection.

See Also

arima | autocorr | estimate | forecast | infer | lbqtest | parcorr

Related Examples

. “Specify Multiplicative ARIMA Model” on page 5-52

. “Estimate Multiplicative ARIMA Model” on page 5-113
. “Simulate Multiplicative ARIMA Models” on page 5-169
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. “Forecast Multiplicative ARIMA Model” on page 5-191

. “Detect Autocorrelation” on page 3-18

More About

. “Goodness of Fit” on page 3-88
. “Residual Diagnostics” on page 3-90

. “Check Predictive Performance” on page 3-92
. “MMSE Forecasting of Conditional Mean Models” on page 5-181
. “Autocorrelation and Partial Autocorrelation” on page 3-13

. “Ljung-Box Q-Test” on page 3-16
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Goodness of Fit

3-88

After specifying a model and estimating its parameters, it is good practice to perform
goodness-of-fit checks to diagnose the adequacy of your fitted model. When assessing
model adequacy, areas of primary concern are:

Violations of model assumptions, potentially resulting in bias and inaccurate
standard errors

Poor predictive performance

Missing explanatory variables

Goodness-of-fit checks can help you identify areas of model inadequacy. They can also
suggest ways to improve your model. For example, if you conduct a test for residual
autocorrelation and get a significant result, you might be able to improve your model fit
by adding additional autoregressive or moving average terms.

Some strategies for evaluating goodness of fit are:

Compare your model against an augmented alternative. Make comparisons, for
example, by conducting a likelihood ratio test. Testing your model against a more
elaborate alternative model is a way to assess evidence of inadequacy. Give careful
thought when choosing an alternative model.

Making residual diagnostic plots is an informal—but useful—way to assess violation
of model assumptions. You can plot residuals to check for normality, residual
autocorrelation, residual heteroscedasticity, and missing predictors. Formal tests
for autocorrelation and heteroscedasticity can also help quantify possible model
violations.

Predictive performance checks. Divide your data into two parts: a training set and

a validation set. Fit your model using only the training data, and then forecast the
fitted model over the validation period. By comparing model forecasts against the
true, holdout observations, you can assess the predictive performance of your model.
Prediction mean square error (PMSE) can be calculated as a numerical summary of
the predictive performance. When choosing among competing models, you can look at
their respective PMSE values to compare predictive performance.

Related Examples

“Box-Jenkins Model Selection” on page 3-4
“Check Fit of Multiplicative ARIMA Model” on page 3-81
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. “Compare GARCH Models Using Likelihood Ratio Test” on page 3-77

More About

. “Residual Diagnostics” on page 3-90
. “Model Comparison Tests” on page 3-65

. “Check Predictive Performance” on page 3-92
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Residual Diagnostics

3-90

In this section...

“Check Residuals for Normality” on page 3-90
“Check Residuals for Autocorrelation” on page 3-90

“Check Residuals for Conditional Heteroscedasticity” on page 3-91

Check Residuals for Normality

A common assumption of time series models is a Gaussian innovation distribution. After
fitting a model, you can infer residuals and check them for normality. If the Gaussian
Iinnovation assumption holds, the residuals should look approximately normally
distributed.

Some plots for assessing normality are:

* Histogram
* Box plot
* Quantile-quantile plot

+ Kernel density estimate
The last three plots are in Statistics and Machine Learning Toolbox.

If you see that your standardized residuals have excess kurtosis (fatter tails) compared
to a standard normal distribution, you can consider using a Student’s ¢ innovation
distribution.

Check Residuals for Autocorrelation

In time series models, the innovation process is assumed to be uncorrelated. After fitting
a model, you can infer residuals and check them for any unmodeled autocorrelation.

As an informal check, you can plot the sample autocorrelation function (ACF) and partial
autocorrelation function (PACF). If either plot shows significant autocorrelation in the
residuals, you can consider modifying your model to include additional autoregression or
moving average terms.



Residual Diagnostics

More formally, you can conduct a Ljung-Box Q-test on the residual series. This tests the
null hypothesis of jointly zero autocorrelations up to lag m, against the alternative of at
least one nonzero autocorrelation. You can conduct the test at several values of m. The
degrees of freedom for the Q-test are usually m. However, for testing a residual series,
you should use degrees of freedom m — p — ¢, where p and g are the number of AR and
MA coefficients in the fitted model, respectively.

Check Residuals for Conditional Heteroscedasticity

A white noise innovation process has constant variance. After fitting a model, you can
infer residuals and check them for heteroscedasticity (nonconstant variance).

As an informal check, you can plot the sample ACF and PACF of the squared residual
series. If either plot shows significant autocorrelation, you can consider modifying your
model to include a conditional variance process.

More formally, you can conduct an Engle’s ARCH test on the residual series. This tests
the null hypothesis of no ARCH effects against the alternative ARCH model with % lags.

See Also

archtest | autocorr | boxplot | histogram | ksdensity | Ibqtest | parcorr |
qgplot

Related Examples

. “Box-Jenkins Model Selection” on page 3-4

. “Detect Autocorrelation” on page 3-18

. “Detect ARCH Effects” on page 3-28

. “Check Fit of Multiplicative ARIMA Model” on page 3-81

More About
. “Goodness of Fit” on page 3-88

. “Check Predictive Performance” on page 3-92
. “Ljung-Box Q-Test” on page 3-16
. “Engle’s ARCH Test” on page 3-25

. “Autocorrelation and Partial Autocorrelation” on page 3-13
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Check Predictive Performance

3-92

If you plan to use a fitted model for forecasting, it is good practice to assess the predictive
ability of the model. Models that fit well in-sample are not guaranteed to forecast well.
For example, overfitting can lead to good in-sample fit, but poor predictive performance.

When checking predictive performance, it is important to not use your data twice. That
1s, the data you use to fit your model should be different than the data you use to assess
forecasts. You can use cross validation to evaluate out-of-sample forecasting ability:
Divide your time series into two parts: a training set and a validation set.

Fit a model to your training data.

Forecast the fitted model over the validation period.

B W N —

Compare the forecasts to the holdout validation observations using plots and
numerical summaries (such as predictive mean square error).

Prediction mean square error (PMSE) measures the discrepancy between model forecasts
and observed data. Suppose you have a time series of length N, and you set aside M

validation points, denoted MY YM - . After fitting your model to the first N — M data

. . Vo ov
points (the training set), generate forecasts Y1,Y2»-->YM-

The model PMSE is calculated as

1Y ?
PMSE =M§(y;’ —yg’) .

You can calculate PMSE for various choices of M to verify the robustness of your results.

Related Examples
. “Check Fit of Multiplicative ARIMA Model” on page 3-81

More About

. “Goodness of Fit” on page 3-88
. “Residual Diagnostics” on page 3-90
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“MMSE Forecasting of Conditional Mean Models” on page 5-181
“MMSE Forecasting of Conditional Variance Models” on page 6-116
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Nonspherical Models

3-94

What Are Nonspherical Models?

Consider the linear time series model y, = X, +¢,, where y, is the response, x; is a

vector of values for the r predictors, f is the vector of regression coefficients, and ¢, is the
random innovation at time ¢.

Ordinary least squares (OLS) estimation and inference techniques for this framework
depend on certain assumptions, e.g., homoscedastic and uncorrelated innovations. For
more details on the classical linear model, see “Time Series Regression I: Linear Models”.
If your data exhibits signs of assumption violations, then OLS estimates or inferences
based on them might not be valid.

In particular, if the data is generated with an innovations process that exhibits
autocorrelation or heteroscedasticity, then the model (or the residuals) are nonspherical.
These characteristics are often detected through testing of model residuals (for details,
see “Time Series Regression VI: Residual Diagnostics”).

Nonspherical residuals are often considered a sign of model misspecification, and models
are revised to whiten the residuals and improve the reliability of standard estimation
techniques. In some cases, however, nonspherical models must be accepted as they are,
and estimated as accurately as possible using revised techniques. Cases include:

* Models presented by theory

*  Models with predictors that are dictated by policy

*  Models without available data sources, for which predictor proxies must be found

A variety of alternative estimation techniques have been developed to deal with these
situations.

Related Examples

. “Classical Model Misspecification Tests”

. “Time Series Regression I: Linear Models”

. “Time Series Regression VI: Residual Diagnostics”

. “Plot a Confidence Band Using HAC Estimates” on page 3-95
. “Change the Bandwidth of a HAC Estimator” on page 3-105
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Plot a Confidence Band Using HAC Estimates

This example shows how to plot heteroscedastic-and-autocorrelation consistent (HAC)
corrected confidence bands using Newey-West robust standard errors.

One way to estimate the coefficients of a linear model is by OLS. However, time series
models tend to have innovations that are autocorrelated and heteroscedastic (i.e., the
errors are nonspherical). If a times series model has nonspherical errors, then usual
formulae for standard errors of OLS coefficients are biased and inconsistent. Inference
based on these inefficient standard errors tends to inflate the Type I error rate. One
way to account for nonspherical errors is to use HAC standard errors. In particular,
the Newey-West estimator of the OLS coefficient covariance is relatively robust against
nonspherical errors.

Load the Data

Load the Canadian electric power consumption data set from the World Bank. The
response is Canada's electrical energy consumption in kWh (consump), the predictor is
Canada's GDP in year 2000 USD, and the data set also contains two other variables: year
(year) and the GDP defaltor (gdpDeflator).

load(fullfile(matlabroot, "examples”, "econ”, "Data_PowerConsumption.mat®));
consump = Data(:,4);

gdp = Data(:,3);

gdpbeflator = Data(:,2);

year = Data(2:end,1);

Define the Model

Model the behavior of the annual difference in electrical energy consumption with respect
to real GDP as a linear model:

comsumpDiff, = & + 5 rGDP; + .

consumpDiff = consump - lagmatrix(consump,1);
% Annual difference in consumption
T = size(consumpDiff,1);
consumpDiff = consumpDiff(2:end)/1.0e+10;
% Scale for numerical stability
rGDP = gdp./(gdpDeflator); % Deflate GDP
rGDP = rGDP(2:end)/1.0e+10; % Scale for numerical stability
rGDPdes = [ones(T-1,1) rGDP]; % Design matrix

Mdl = FitIlm(rGDP,consumpDiff);
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coeff = Mdl.Coefficients(:,1);
EstParamCov = Mdl.CoefficientCovariance;
resid = Mdl.Residuals.Raw;

Plot the Data

Plot the difference in energy consumption, consumpDi FF versus the real GDP, to check
for possible heteroscedasticity.

figure

plot(rGDP,consumpDiff,".")

title "Annual Difference in Energy Consumption vs real GDP - Canada®;
xlabel “real GDP (year 2000 USD)";

ylabel “Annual Difference in Energy Consumption (kWh)";

Annual Difference in Energy Consumption vs real GDP - Canada
3 T T

Annual Difference in Energy Consumption (kKWh)

_3 i i i i i i i i
0.6 0.7 0.8 09 1 11 12 13 14 15

real GDP (year 2000 USD)
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The figure indicates that heteroscedasticity might be present in the annual difference in
energy consumption. As real GDP increases, the annual difference in energy consumption
seems to be less variable.

Plot the residuals.

Plot the residuals from Mdl against the fitted values and year to assess
heteroscedasticity and autocorrelation.

figure

subplot(2,1,1)

hold on

plot(Mdl .Fitted,resid,".")
plot([min(Mdl .Fitted) max(Mdl.Fitted)],[0 0], "k-")
title "Residual Plots”;
xlabel “Fitted Consumption”;
ylabel "Residuals”®;

axis tight

hold off

subplot(2,2,3)
autocorr(resid)

hl = gca;

hl.FontSize = 8;
subplot(2,2,4)
parcorr(resid)

h2 = gca;

h2_.FontSize = 8;
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Residual Plots
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The residual plot reveals decreasing residual variance with increasing fitted
consumption. The autocorrelation function shows that autocorrelation might be present
in the first few lagged residuals.

Test for heteroscedasticity and autocorrelation.

Test for conditional heteroscedasticity using Engle's ARCH test. Test for autocorrelation
using the Ljung-Box Q test. Test for overall correlation using the Durbin-Watson test.

[~,englePValue] = archtest(resid);

englePValue

[~,1bgPValue] = lIbqtest(resid, "lags",1:3);...
% Significance of first three lags

IbgPValue
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[dwPValue] = dwtest(Mdl);
dwPValue

englePValue =

0.1463

IbgPVvalue =

0.0905 0.1966 0.0522

dwPValue =

0.0013

The p value of Engle's ARCH test suggests significant conditional heteroscedasticity

at 15% significance level. The p value for the Ljung-Box Q test suggests significant
autocorrelation with the first and third lagged residuals at 10% significance level. The

p value for the Durbin-Watson test suggests that there is strong evidence for overall
residual autocorrelation. The results of the tests suggest that the standard linear model
conditions of homoscedasticity and uncorrelated errors are violated, and inferences based
on the OLS coefficient covariance matrix are suspect.

One way to proceed with inference (such as constructing a confidence band) is to
correct the OLS coefficient covariance matrix by estimating the Newey-West coefficient
covariance.

Estimate the Newey-West coefficient covariance.

Correct the OLS coefficient covariance matrix by estimating the Newey-West coefficient
covariance using hac. Compute the maximum lag to be weighted for the standard
Newey-West estimate, maxLag (Newey and West, 1994). Use hac to estimate the
standard Newey-West coefficient covariance.

maxLag = Floor(4*(T/100)"(2/9));
[NWEstParamCov,~,NWCoeff] = hac(Mdl, "type®,"hac”, ...
"bandwidth®,maxLag + 1);

Estimator type: HAC
Estimation method: BT
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Bandwidth: 4.0000
Whitening order: O
Effective sample size: 49
Small sample correction: on

Coefficient Covariances:

Const | 0.3720 -0.2990
x1 | -0.2990 0.2454

The Newey-West standard error for the coefficient of rGDP, labeled 1 1in the table, is less
than the usual OLS standard error. This suggests that, in this data set, correcting for
residual heteroscedasticity and autocorrelation increases the precision in measuring the
linear effect of real GDP on energy consumption.

Calculate the Working-Hotelling confidence bands.

Compute the 95% Working-Hotelling confidence band for each covariance estimate using
nlpredci (Kutner et al., 2005).

modelfun = @(b,x)(b(1)*x(:,1)+b(2)*x(:,2));
% Define the linear model
[beta,nlresid,~,EstParamCov] = nlinfit(rGDPdes, ...
consumpDiff,modelfun,[1,1]); % estimate the model
[fity,Fitcb] = nlpredci(modelfun,rGDPdes,beta,nlresid, ...
“Covar"® ,EstParamCov, "SimOpt","on");
% Margin of errors
conbandnl = [fity - fitcb fity + fitcb];
% Confidence bands
[fity,NWFfitcb] = nlpredci(modelfun,rGDPdes, ...
beta,nlresid, "Covar® ,NWEstParamCov, "SimOpt*®,"on");
% Corrected margin of error
NWconbandnl = [fity - NWFitcb fity + NWFitcb];
% Corrected confidence bands

Plot the Working-Hotelling confidence bands.

Plot the Working-Hotelling confidence bands on the same axes twice: one plot displaying
electrical energy consumption with respect to real GDP, and the other displaying the
electrical energy consumption time series.

figure
hold on
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11 = plot(rGDP,consumpDiff,"k.");

12 = plot(rGDP,fity,"b-","LineWidth",2);
13 = plot(rGDP,conbandnl,"r-");

14 = plot(rGDP,NWconbandnl,"g--");

title "Data with 95% Working-Hotelling Conf. Bands”®;

xlabel “real GDP (year 2000 USD)";

ylabel “Consumption (kWh)-;

axis([0.7 1.4 -2 2.5])

legend([I1 12 13(1) 14(1)], Data”, "Fitted","95% Conf. Band®, ...
"Newey-West 95% Conf. Band®, "Location”, "SouthEast®)

hold off

figure

hold on

11 = plot(year,consumpDiff);

12 = plot(year,fity,"k-","LineWidth",2);
13 = plot(year,conbandnl, "r-");

14 = plot(year,NWconbandnl,“g--");

title "Consumption with 95% Working-Hotelling Conf. Bands”®;
xlabel "Year®;
ylabel “Consumption (kWh)*;
legend([I1 12 13(1) 14(1)], "Consumption®,"Fitted”, ...
"95% Conf. Band®, "Newey-West 95% Conf. Band®,...
"Location®, "SouthWest*")
hold off
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Consumption (kWh)
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Consumption (kKWh)
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The plots show that the Newey-West estimator accounts for the heteroscedasticity in that
the confidence band is wide in areas of high volatility, and thin in areas of low volatility.
The OLS coefficient covariance estimator ignores this pattern of volatility.

References:

1 Kutner, M. H., C. J. Nachtsheim, J. Neter, and W. Li. Applied Linear Statistical
Models. 5th Ed. New York: McGraw-Hill/Irwin, 2005.

2 Newey, W. K, and K. D. West. "A Simple Positive Semidefinite, Heteroskedasticity
and Autocorrelation Consistent Covariance Matrix." Econometrica. Vol. 55, 1987, pp.
703-708.
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3 Newey, W. K, and K. D. West. "Automatic Lag Selection in Covariance Matrix
Estimation." The Review of Economic Studies. Vol. 61 No. 4, 1994, pp. 631-653.

Related Examples

. “Time Series Regression I: Linear Models”

“Time Series Regression VI: Residual Diagnostics”

. “Change the Bandwidth of a HAC Estimator” on page 3-105

More About

. “Nonspherical Models” on page 3-94
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Change the Bandwidth of a HAC Estimator

This example shows how to change the bandwidth when estimating a HAC coefficient
covariance, and compare estimates over varying bandwidths and kernels.

How does the bandwidth affect HAC estimators? If you change it, are there large
differences in the estimates, and, if so, are the differences practically significant? Explore
bandwidth effects by estimating HAC coefficient covariances over a grid of bandwidths.

Load and Plot the Data.

Determine how the cost of living affects the behavior of nominal wages. Load the Nelson
Plosser data set to explore their statistical relationship.

load Data NelsonPlosser

isNaN = any(ismissing(DataTable),2); % Flag periods containing NaNs
cpi = DataTable.CPI(~isNaN); % Cost of living

wm = DataTable_ WN(~isNaN); % Nominal wages

figure

plot(cpi,wm,"0")

hFit = Isline; % Regression line

xlabel ("Consumer Price Index (1967 = 100)")
ylabel (*Nominal Wages (current $)°)
legend(hFit,"0OLS Line","Location™,"SE")
title("{\bf Cost of Living}")

grid on
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Cost of Living
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The plot suggests that a linear model might capture the relationship between the two
variables.

Define the Model.

Model the behavior of nominal wages with respect to CPI as this linear model.

vy = Fp + O1cpi, + &

mdl = fitlm(cpi,wm)
coeffCPI = Mdl.Coefficients_Estimate(2);
seCPl = Mdl.Coefficients.SE(2);
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mdl =

Linear regression model:

y ~ 1+ x1
Estimated Coefficients:
Estimate SE tStat pvalue
(Intercept) -2541.5 174.64 -14_.553 2.407e-21
x1 88.041 2.6784 32.871 4.507e-40

Number of observations: 62, Error degrees of freedom: 60

Root Mean Squared Error: 494
R-squared: 0.947,

Adjusted R-Squared 0.947

F-statistic vs. constant model: 1.08e+03, p-value = 4.51e-40

Plot Residuals.

Plot the residuals from Mdl against the fitted values to assess heteroscedasticity and

autocorrelation.

figure;

stem(Mdl .Residuals.Raw);

xlabel ("Observation®);

ylabel ("Residual ") ;

title("{\bf Linear Model Residuals}");
axis tight;

grid on;
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Linear Model Residuals
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The residual plot shows varying levels of dispersion, which indicates heteroscedasticity.
Neighboring residuals (with respect to observation) tend to have the same sign and
magnitude, which indicates the presence of autocorrelation.

Estimate HAC standard errors.

Obtain HAC standard errors over varying bandwidths using the Bartlett (for the Newey-
West estimate) and quadratic spectral kernels.

numEstimates = 10;
SstdErrBT = zeros(humEstimates,1);
stdErrQS = zeros(humEstimates,1);
for bw = 1:numEstimates
[~.,seBT] = hac(cpi,wm, "bandwidth®,bw, “display”, "off");
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% Newey-West
[~.,seQS] = hac(cpi,wm, "weights®,"QS", "bandwidth” ,bw,
"display”,"off"); % HAC using quadratic spectral kernel
stdErrBT(bw) = seBT(2);
stdErrQS(bw) seQS(2);
end

You can increase numEstimates to discover how increasing bandwidths affect the HAC
estimates.

Plot the standard errors.

Visually compare the Newey-West standard errors of 1 to those using the quadratic
spectral kernel over the bandwidth grid.

figure
hold on
hCoeff = plot(l:numEstimates, repmat(coeffCPIl,numEstimates,
1), "LineWidth",2);
hOLS = plot(l:numEstimates, repmat(coeffCPIl+seCPl,
numEstimates,1),"g--");
plot(l:numEstimates, repmat(coeffCPIl-seCPl,numEstimates,1),"g--")
hBT = plot(1l:numEstimates,coeffCPI+stdErrBT,"ro--");
plot(l:numEstimates,coeffCPl-stdErrBT, "ro--")
hQS = plot(1l:numEstimates,coeffCPI+stdErrQsS, "kp--", ...
"LineWidth",2);
plot(l:numEstimates,coeffCPl-stdErrQS, "kp--", "LineWidth",2)
hold off
xlabel ("Bandwidth™)
ylabel ("CP1 Coefficient™)
legend([hCoeff,hOLS,hBT,hQS],{"0OLS Estimate”,
"OLS Standard Error-, "Newey-West SE-,
"Quadratic Spectral SE"}, "Location”,"E")
title("{\bf CPIl Coefficient Standard Errors}")
grid on
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The plot suggests that, for this data set, accounting for heteroscedasticity and
autocorrelation using either HAC estimate results in more conservative intervals than
the usual OLS standard error. The precision of the HAC estimates decreases as the
bandwidth increases along the defined grid.

For this data set, the Newey-West estimates are slightly more precise than those
using the quadratic spectral kernel. This might be because the latter captures
heteroscedasticity and autocorrelation better than the former.

References:

1 Andrews, D. W. K. "Heteroskedasticity and Autocorrelation Consistent Covariance
Matrix Estimation." Econometrica. Vol. 59, 1991, pp. 817-858.
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Newey, W. K., and K. D. West. "A Simple, Positive Semi-definite, Heteroskedasticity

and Autocorrelation Consistent Covariance Matrix." Econometrica. Vol. 55, No. 3,
1987, pp. 703-708.\

Newey, W. K., and K. D. West. "Automatic Lag Selection in Covariance Matrix
Estimation." The Review of Economic Studies. Vol. 61, No. 4, 1994, pp. 631-653.

Related Examples

“Classical Model Misspecification Tests”
“Time Series Regression I: Linear Models”
“Time Series Regression VI: Residual Diagnostics”

“Plot a Confidence Band Using HAC Estimates” on page 3-95

More About

“Nonspherical Models” on page 3-94
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Check Model Assumptions for Chow Test

3-112

This example shows how to check the model assumptions for a Chow test. The model

is of U.S. gross domestic product (GDP), with consumer price index (CPI) and paid
compensation of employees (COE) as predictors. The forecast horizon is 2007 - 2009, just
before and after the 2008 U.S. recession began.

Load and Inspect Data

Load the U.S. macroeconomic data set.

load Data USEconModel

The time series in the data set contain quarterly, macroeconomic measurements from
1947 to 2009. For more details, a list of variables, and descriptions, enter Description
at the command line.

Extract the predictors, and then the response (the response should be the last column).
Focus the sample on observations taken from 1960 - 2009.

idx = year(dates) >= 1960;

y = DataTable.GDP(idx);

X = DataTable{idx,{"CPIAUCSL" "COE"}};
varNames = {"CPIAUCSL™ "COE" "GDP"};
dates = dates(idx);

Identify forecast horizon indices.

fHIdx = year(dates) >= 2007;

Plot all series individually. Identify the periods of recession.

figure;

subplot(2,2,1);

plot(dates,y)

title(varNames{end});

xlabel ("Year®");

axis tight

datetick;

recessionplot;

for j = 1:size(X,2);
subplot(2,2,j + 1);
plot(dates,X(:,}))
title(varNames{j}):
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xlabel ("Year®);

axis tight

datetick;

recessionplot;

end
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All variables appear to grow exponentially. Also, around the last recession, a decline
appears. Suppose that a linear regreession model of GDP onto CPI and COE is
appropriate, and you want to test whether there is a structural change in the model in
2007.

Check Chow Test Assumptions

Chow tests rely on:
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* Independent, Gaussian-distributed innovations
+ Constancy of the innovations variance within subsamples

+ Constancy of the innovations across any structural breaks

If a model violates these assumptions, then the Chow test result might not be correct, or
the Chow test might lack power. Investigate whether the assumptions hold. If any do not,
preprocess the data further.

Fit the linear model to the entire series. Include an intercept.
Mdl = FitIm(X,y);
Mdl is a LinearModel class model object.

Extract the residuals from the estimated linear model. Draw two histogram plots using
the residuals: one with respect to fitted values in case order, and the other with respect
to the previous residual.

res = Mdl.Residuals.Raw;
figure;

plotResiduals(Mdl, "lagged™);
figure;

plotResiduals(Mdl, "caseorder”);



Check Model Assumptions for Chow Test

Residual(t)

Plot of residuals vs. lag
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Case order plot of residuals
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Because the scatter plot of residual vs. lagged residual forms a trend, autocorrelation
exists in the residuals. Also, residuals on the extremes seem to flare out, which suggests
the presence of heteroscedasticity.

Conduct Engle's ARCH test at 5% level of significance to assess whether the innovations
are heteroscedastic.

[hARCH, pValueARCH] = archtest(res)

hARCH =
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pValueARCH =

0

hARCH = 1 suggests to reject the null hypothesis that the entire residual series has no
conditional heteroscedasticity.

Apply the log transformation to all series that appear to grow exponentially to reduce the
effects of heteroscedasticity.

log(y);
1og(X);

y
X

To account for autocorrelation, create predictor variables for all exponential series by
lagging them by one period.

LagMat = lagmatrix([X y].1);

X = [X(2:end,:) LagMat(2:end,:)]; % Concatenate data and remove Tirst row
fHIdx = FfHIdx(2:end);

y = y(2:end);

Based on the residual diagnostics, choose this linear model for GDP

GDP; = 3y + 1 CPIAUCSL; + [#COE; + 3 CPIAUCSL; ) + (34COE;_1 + 3:GDP;_1 + &£;.

. . . . . . " ¥
£t should be a Gaussian series of innovations with mean zero and constant variance o=,
Diagnose the residuals again.

mdl fitIlm(X,y);

res = Mdl.Residuals.Raw;
figure;

plotResiduals(Mdl, " lagged”);
figure;

plotResiduals(Mdl, “caseorder”);

[hARCH, pValueARCH] = archtest(res)

subMdl = {FitIm(X(~FHIdx,:),y(~FHIdx)) FitIm(X(FHIdx,:),y(FHIdX))};
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subRes = {SubMdl{1}.Residuals_.Raw SubMdI{2}.Residuals.Raw};
[hVT2,pValueVT2] = vartest2(subRes{l},subRes{2})

hARCH =

0

pValueARCH =

0.2813

hvT2 =

pvalueVT2 =

0.1645
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Residual(t)

Plot of residuals vs. lagged residuals
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Case order plot of residuals
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The residuals plots and tests suggest that the innovations are homoscedastic and
uncorrelated.

Conduct a Kolmogorov-Smirnov test to assess whether the innovations are Gaussian.

[hKS,pValuekKS] = kstest(res/std(res))

hKS =

0

pValueKksS =
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0.2347

hKS = 0 suggests to not reject the null hypothesis that the innovations are Gaussian.

For the distributed lag model, the Chow test assumptions appear valid.

Conduct Chow Test

Treating 2007 and beyond as a post-recession regime, test whether the linear
model is stable. Specify that the break point is the last quarter of 2006. Because the
complementary subsample size is greater than the number of coefficients, conduct a

break point test.

bp = find(~fHldx,1, " last");
chowtest(X,y,bp, "Display”, "summary®);

RESULTS SUMMARY

Test 1

Sample size: 196
Breakpoint: 187

Test type: breakpoint
Coefficients tested: All

Statistic: 1.3741
Critical value: 2.1481

P value: 0.2272
Significance level: 0.0500

Decision: Fail to reject coefficient stability

The test fails to reject the stability of the linear model. Evidence is inefficient to infer a

structural change between Q4-2006 and Q1-2007.

See Also

archtest | chowtest | fitlm | LinearModel | vartest2
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Related Examples
. “Power of the Chow Test” on page 3-123
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Power of the Chow Test

This example shows how to estimate the power of a Chow test using a Monte Carlo
simulation.

Introduction

Statistical power is the probability of rejecting the null hypothesis given that it is

actually false. To estimate the power of a test:

1 Simulate many data sets from a model that typifies the alternative hypothesis.

2 Test each data set.

3 Estimate the power, which is the proportion of times the test rejects the null
hypothesis.

The following can compromise the power of the Chow test:

* Linear model assumption departures
* Relatively large innovation variance

+ Using the forecast test when the sample size of the complementary subsample is
greater than the number of coefficients in the test [24].

Departures from model assumptions allow for an examination of the factors that most
affect the power of the Chow test.

Consider the model

X1 [1] betal

betaZ

0 X2

}  innov

* Innov is a vector of random Gaussian variates with mean zero and standard
deviation sigma.

+ X1 and X2 are the sets of predictor data for initial and complementary subsamples,
respectively.

+ betal and beta2 are the regression coefficient vectors for the initial and
complementary subsamples, respectively.

Simulate Predictor Data

Specify four predictors, 50 observations, and a break point at period 44 for the simulated
linear model.
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numPreds = 4;
numObs = 50;
bp = 44;

rng(1); % For reproducibility

Form the predictor data by specifying means for the predictors, and then adding random,
standard Gaussian noise to each of the means.

mu = [0 12 3];
X = repmat(mu,numObs,1) + randn(numObs,numPreds);

To indicate an intercept, add a column of ones to the predictor data.

X = [ones(humObs,1) X];
X1 X(1:bp,:); % Initial subsample predictors
X2 X(bp+l:end, :); % Complementary subsample predictors

Specify the true values of the regression coefficients.
betal = [1 2 3 4 5]7; % Initial subsample coefficients
Estimate Power for Small and Large Jump

Compare the power between the break point and forecast tests for jumps of different
sizes small in the intercept and second regression coefficient. In this example, a small
jump is a 10% increase in the current value, and a large jump is a 15% increase.
Complementary subsample coefficients

beta2Small

betal + [betal(1)*0.1 0 betal(3)*0.1 0 0 ]J*
beta2lLarge 0

betal + [betal(1)*0.15 O betal(3)*0.15 0O

= j -
Simulate 1000 response paths of the linear model for each of the small and large

coefficient jumps. Specify that sigma is 0.2. Choose to test the intercept and the second
regression coefficient.

M = 1000;

sigma = 0.2;

Coeffs = [true false true false false];
hiBP = nan(M,2); % Preallocation

hiF = nan(M,2);

for j = 1:M
innovSmall = sigma*randn(numObs,1);
innovLarge = sigma*randn(numObs,1);

ySmall = [X1 zeros(bp,size(X2,2));



Power of the Chow Test

zeros(numObs - bp,size(X1,2)) X2]*[betal; beta2Small] + innovSmall;

yLarge = [X1 zeros(bp,size(X2,2)); -
zeros(numObs - bp,size(X1,2)) X2]*[betal; beta2lLarge] + innovlLarge;

hiBP(J,1) = chowtest(X,ySmall,bp, " Intercept”,false, "Coeffs”,Coeffs, ...
"Display”,"off")";

h1BP(J,2) = chowtest(X,yLarge,bp, " Intercept”,false, "Coeffs”,Coeffs, ...
"Display”,"off")";

hiF(j,1) = chowtest(X,ySmall,bp, "Intercept”,false, "Coeffs”,Coeffs, ...
"Test", "forecast”, "Display”, "off")";

hiF(j,2) = chowtest(X,yLarge,bp, " Intercept”,false, "Coeffs”,Coeffs, ...
"Test", "forecast”, "Display”, "off")";

end

Estimate the power by computing the proportion of times chowtest correctly rejected
the null hypothesis of coefficient stability.

powerlBP = mean(hl1BP);

powerlF = mean(hlF);

table(powerlBP* ,powerlF*~, "RowNames® ,{"Small_Jump®, “"Large_Jump®}, ...
"VariableNames® ,{"Breakpoint®, "Forecast"})

ans =
Breakpoint Forecast
Small_Jump 0.717 0.645
Large_ Jump 0.966 0.94

In this scenario, the Chow test can detect a change in the coefficient with more power
when the jump is larger. The break point test has greater power to detect the jump than
the forecast test.

Estimate Power for Large Innovations Variance

Simulate 1000 response paths of the linear model for a large coefficient jump. Specify
that sigma is 0.4. Choose to test the intercept and the second regression coefficient.

sigma = 0.4;
h2BP = nan(M,1);
h2F = nan(M,1);
for j = 1:M
innov = sigma*randn(numObs,1);
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y = [X1 zeros(bp,size(X2,2)); .
zeros(numObs - bp,size(X1,2)) X2]*[betal; beta2lLarge] + innov;
h2BP(J) = chowtest(X,y,bp, " Intercept”,false, "Coeffs”,Coeffs, ...
"Display”, "off")";
h2F(jJ) = chowtest(X,y,bp, " Intercept”,false, "Coeffs”,Coeffs, ...
"Test", "forecast”, "Display”, "off")";
end

power2BP = mean(h2BP);

power2F = mean(h2F);

table([powerl1BP(2); power2BP], [powerlF(2); power2F], ...
"RowNames*® ,{"Small_sigma®, "Large_Sigma“}, ...
"VariableNames® ,{"Breakpoint”, "Forecast"})

ans =
Breakpoint Forecast
Small_sigma 0.966 0.94
Large_Sigma 0.418 0.352

For larger innovation variance, both Chow tests have difficulty detecting the large
structural breaks in the intercept and second regression coefficient.

See Also

chowtest

Related Examples
. “Check Model Assumptions for Chow Test” on page 3-112
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Time Series Regression Models

Time series regression models attempt to explain the current response using the response
history (autoregressive dynamics) and the transfer of dynamics from relevant predictors
(or otherwise). Theoretical frameworks for potential relationships among variables often
permit different representations of the system.

Use time series regression models to analyze time series data, which are measurements
that you take at successive time points. For example, use time series regression modeling
to:

+  Examine the linear effects of the current and past unemployment rates and past
inflation rates on the current inflation rate.

+  Forecast GDP growth rates by using an ARIMA model and include the CPI growth
rate as a predictor.

+ Determine how a unit increase in rainfall, amount of fertilizer, and labor affect crop
yield.

You can start a time series analysis by building a design matrix (X;), which can include
current and past observations of predictors. You can also complement the regression
component with an autoregressive (AR) component to account for the possibility of
response (y;) dynamics. For example, include past measurements of inflation rate in

the regression component to explain the current inflation rate. AR terms account for
dynamics unexplained by the regression component, which is necessarily underspecified
in econometric applications. Also, the AR terms absorb residual autocorrelations, simplify
innovation models, and generally improve forecast performance. Then, apply ordinary
least squares (OLS) to the multiple linear regression (MLR) model:

v, =X, B+u,.

If a residual analysis suggests classical linear model assumption departures such as that
heteroscedasticity or autocorrelation (i.e., nonspherical errors), then:

* You can estimate robust HAC (heteroscedasticity and autocorrelation consistent)
standard errors (for details, see hac).

+ If you know the innovation covariance matrix (at least up to a scaling factor), then
you can apply generalized least squares (GLS). Given that the innovation covariance
matrix is correct, GLS effectively reduces the problem to a linear regression where the
residuals have covariance I.
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+ If you do not know the structure of the innovation covariance matrix, but know the
nature of the heteroscedasticity and autocorrelation, then you can apply feasible
generalized least squares (FGLS). FGLS applies GLS iteratively, but uses the
estimated residual covariance matrix. FGLS estimators are efficient under certain
conditions. For details, see [1], Chapter 11.

There are time series models that model the dynamics more explicitly than MLR models.
These models can account for AR and predictor effects as with MLR models, but have the
added benefits of:

* Accounting for moving average (MA) effects. Include MA terms to reduce the number
of AR lags, effectively reducing the number of observation required to initialize the
model.

+ Easily modeling seasonal effects. In order to model seasonal effects with an MLR
model, you have to build an indicator design matrix.

*  Modeling nonseasonal and seasonal integration for unit root nonstationary processes.

These models also differ from MLR in that they rely on distribution assumptions (i.e.,
they use maximum likelihood for estimation). Popular types of time series regression
models include:

+ Autoregressive integrated moving average with exogenous predictors (ARIMAX). This
is an ARIMA model that linearly includes predictors (exogenous or otherwise). For
details, see arima or “ARIMAX(p,D,q) Model” on page 5-58.

*  Regression model with ARIMA time series errors. This is an MLR model where the
unconditional disturbance process (u;) is an ARIMA time series. In other words, you
explicitly model u; as a linear time series. For details, see regARIMA.

*  Distributed lag model (DLM). This is an MLR model that includes the effects of
predictors that persist over time. In other words, the regression component contains
coefficients for contemporaneous and lagged values of predictors. Econometrics
Toolbox does not contain functions that model DLMs explicitly, but you can use

regARIMA or Fitlm with an appropriately constructed predictor (design) matrix to
analyze a DLM.

*  Transfer function (autoregressive distributed lag) model. This model extends the
distributed lag framework in that it includes autoregressive terms (lagged responses).
Econometrics Toolbox does not contain functions that model DLMs explicitly, but you
can use the arima functionality with an appropriately constructed predictor matrix to
analyze an autoregressive DLM.
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The choice you make on which model to use depends on your goals for the analysis, and
the properties of the data.

References

[1] Greene, W. H. Econometric Analysis. 6th ed. Englewood Cliffs, NJ: Prentice Hall,
2008.

See Also
arima | FitIm | hac | regARIMA

More About
. “ARIMAX(p,D,q) Model” on page 5-58

“Regression Models with Time Series Errors” on page 4-6
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Regression Models with Time Series Errors

4-6

In this section...

“What Are Regression Models with Time Series Errors?” on page 4-6

“Conventions” on page 4-7

What Are Regression Models with Time Series Errors?

Regression models with time series errors attempt to explain the mean behavior of a
response series (y;, t = 1,...,T) by accounting for linear effects of predictors (X;) using

a multiple linear regression (MLR). However, the errors (u;), called unconditional
disturbances, are time series rather than white noise, which is a departure from the
linear model assumptions. Unlike the ARIMA model that includes exogenous predictors,
regression models with time series errors preserve the sensitivity interpretation of the
regression coefficients (8) [2].

These models are particularly useful for econometric data. Use these models to:

* Analyze the effects of a new policy on a market indicator (an intervention model).

*  Forecast population size adjusting for predictor effects, such as expected prevalence of
a disease.

* Study the behavior of a process adjusting for calender effects. For example, you can
analyze traffic volume by adjusting for the effects of major holidays. For details, see
(3].

* Estimate the trend by including time (¢) in the model.

*  Forecast total energy consumption accounting for current and past prices of oil and
electricity (distributed lag model).

Use these tools in Econometrics Toolbox to:

* Specify a regression model with ARIMA errors (see regARIMA).

+  Estimate parameters using a specified model, and response and predictor data (see
estimate).

+ Simulate responses using a model and predictor data (see simulate).
+ Forecast responses using a model and future predictor data (see forecast).

* Infer residuals and estimated unconditional disturbances from a model using the
model and predictor data (see infer).
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filter innovations through a model using the model and predictor data

Generate impulse responses (see impulse).

Compare a regression model with ARIMA errors to an ARIMAX model (see arima).

Conventions

A regression model with time series errors has the following form (in lag operator
notation):

yp=c+X,B+u,;

a(L)A(L)(1-L)” (1-L* Ju, =b(L) B(L)e,,

where

t=1,.,T.

¥; 1s the response series.

X, is row t of X, which is the matrix of concatenated predictor data vectors. That is, X,

is observation ¢ of each predictor series.
¢ 1s the regression model intercept.

[ is the regression coefficient.

u, 1s the disturbance series.

g, 1s the innovations series.

Ljyt =Yt-j-

a(L)= (1— aL-.. —apr), which is the degree p, nonseasonal autoregressive
polynomial.

A(L)= (1— AL-..-A, LP ), which is the degree p,, seasonal autoregressive
polynomial.

(1- L)D , which is the degree D, nonseasonal integration polynomial.

(1 - ), which is the degree s, seasonal integration polynomial.
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b (L) = (1+ bL+..+ quq ), which is the degree g, nonseasonal moving average

polynomial.

B(L)= (1 +BL+..+ ququ ), which is the degree ¢,, seasonal moving average

polynomial.

Following Box and Jenkins methodology, u, is a stationary or unit root nonstationary,
regular, linear time series. However, if u; is unit root nonstationary, then you do not have
to explicitly difference the series as they recommend in [1]. You can simply specify the
seasonal and nonseasonal integration degree using the software. For details, see “Specify
Regression Models with ARIMA Errors Using regARIMA” on page 4-10.

Another deviation from the Box and Jenkins methodology is that u; does not have a
constant term (conditional mean), and therefore its unconditional mean is 0. However,
the regression model contains an intercept term, c.

Note: If the unconditional disturbance process is nonstationary (i.e., the nonseasonal

or seasonal integration degree is greater than 0), then the regression intercept, c, is not
identifiable. For details, see “Intercept Identifiability in Regression Models with ARIMA
Errors” on page 4-130.

The software enforces stability and invertibility of the ARMA process. That is,

b(L)B(L) 2
L)y="TT—""=1+y L+y,[" +..,,

o) AL) Vil +yy
where the series {y;} must be absolutely summable. The conditions for {y;} to be
absolutely summable are:

* a(L) and A(L) are stable (i.e., the eigenvalues of a(L) = 0 and A(L) = 0 lie inside the
unit circle).

* b(L) and B(L) are invertible (i.e., their eigenvalues lie of b(L) = 0 and B(L) = 0 inside
the unit circle).

The software uses maximum likelihood for parameter estimation. You can choose either a
Gaussian or Student’s ¢ distribution for the innovations, &;.
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The software treats predictors as nonstochastic variables for estimation and inference.

References

[1] Box, G. E. P., G. M. Jenkins, and G. C. Reinsel. Time Series Analysis: Forecasting and
Control. 3rd ed. Englewood Cliffs, NJ: Prentice Hall, 1994.

[2] Hyndman, R. J. (2010, October). “The ARIMAX Model Muddle.” Rob J. Hyndman.
Retrieved February 7, 2013 from http://robjhyndman.com/researchtips/arimax/.

[3] Ruey, T. S. “Regression Models with Time Series Errors.” Journal of the American
Statistical Association. Vol. 79, Number 385, March 1984, pp. 118-124.

See Also

arima | estimate | filter | forecast | impulse | infer | regARIMA | simulate

Related Examples
. “Alternative ARIMA Model Representations” on page 4-136

. “Intercept Identifiability in Regression Models with ARIMA Errors” on page
4-130

More About

. “ARIMA Model Including Exogenous Covariates” on page 5-58
. “Specify Regression Models with ARIMA Errors Using regARIMA” on page 4-10
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Specify Regression Models with ARIMA Errors Using regARIMA

4-10

In this section...

“Default Regression Model with ARIMA Errors Specifications” on page 4-10
“Specify regARIMA Models Using Name-Value Pair Arguments” on page 4-12

Default Regression Model with ARIMA Errors Specifications

Regression models with ARIMA errors have the following form (in lag operator notation):

y=c+X,B+u,;
a(L)A(L)(1-L)” (1-L* Ju, =b(L) B(L)e,,

where

c t=1,..,T.
* y,1s the response series.

*  X;is row ¢ of X, which is the matrix of concatenated predictor data vectors. That is, X,
is observation ¢ of each predictor series.

* cis the regression model intercept.
*  p1is the regression coefficient.
* u,1s the disturbance series.

* g 1s the innovations series.

Ljyt =Yt—j-

) a(L) = (1— aL—.. —apr), which is the degree p, nonseasonal autoregressive
polynomial.

) A(L)= (1— AlL-..-A, LP ), which is the degree p,, seasonal autoregressive
polynomial.
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polynomial.

polynomial.

(1 - L)D , which is the degree D, nonseasonal integration polynomial.

(1 -If ), which is the degree s, seasonal integration polynomial.

b(L)= (1+ bL+..+ quq), which is the degree ¢, nonseasonal moving average

B(L)= (1 +BL+..+ ququ ), which is the degree g,, seasonal moving average

For simplicity, use the shorthand notation Mdl = regARIMA(p,D,q) to specify a
regression model with ARIMA(p,D,q) errors, where p, D, and g are nonnegative integers.

MdI has the following default properties.

Property Name Property Data Type

AR Length p cell vector of NaNs

Beta Empty vector [] of regression coefficients,
corresponding to the predictor series

D Nonnegative scalar, corresponding to D

Distribution Gaussian, corresponding to the
distribution of &;

Intercept NaN, corresponding to ¢

MA Length g cell vector of NaNs

P Number of AR terms plus degree of
integration, p + D

Q Number of MA terms, g

SAR Empty cell vector

SMA Empty cell vector

Variance NaN, corresponding to the variance of &;

Seasonality

0, corresponding to s

If you specify nonseasonal ARIMA errors, then

4-11
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* The properties D and Q are the inputs D and q, respectively.

*  Property P =p + D, which is the degree of the compound, nonseasonal autoregressive
polynomial. In other words, P is the degree of the product of the nonseasonal

autoregressive polynomial, a(L) and the nonseasonal integration polynomial, (1 — L)”.

The values of properties P and Q indicate how many presample observations the software
requires to initialize the time series.

You can modify the properties of Mdl using dot notation. For example, Mdl .Variance =
0.5 sets the innovation variance to 0.5.

For maximum flexibility in specifying a regression model with ARIMA errors, use name-
value pair arguments to, for example, set each of the autoregressive parameters to a
value, or specify multiplicative seasonal terms. For example, Mdl = regARIMA("AR",
{0.2 0.1}) defines a regression model with AR(2) errors, and the coefficients are a; =
0.2 and a5 =0.1.

Specify regARIMA Models Using Name-Value Pair Arguments

You can only specify the nonseasonal autoregressive and moving average polynomial
degrees, and nonseasonal integration degree using the shorthand notation
regARIMA(p,D,q). Some tasks, such as forecasting and simulation, require you to
specify values for parameters. You cannot specify parameter values using shorthand
notation. For maximum flexibility, use name-value pair arguments to specify regression
models with ARIMA errors.

The nonseasonal ARIMA error model might contain the following polynomials:

* The degree p autoregressive polynomial a(L) =1 —a;L — asLs —...— a,L”. The
eigenvalues of a(L) must lie within the unit circle (i.e., a(L) must be a stable
polynomial).

The degree ¢ moving average polynomial b(L) =1 + b;L + bsLs +...+ b, L. The
eigenvalues of b(L) must lie within the unit circle (i.e., b(L) must be an invertible
polynomial).

The degree D nonseasonal integration polynomial is (1 — L)”.

The following table contains the name-value pair arguments that you use to specify
the ARIMA error model (i.e., a regression model with ARIMA errors, but without a
regression component and intercept):
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Ve = Uy

aL)Y1-L)P =b(L)e;.

Name-Value Pair Arguments for Nonseasonal ARIMA Error Models

Name Corresponding  |When to Specify
Model Term(s) in
Equation 4-2
AR Nonseasonal AR To set equality constraints for the AR
coefficients: a4, coefficients. For example, to specify the AR
A2y coefficients in the ARIMA error model
u =0.8u;, 1 —0.2u, 5 +¢,
specify "AR",{0.8,-0.2}.
You only need to specify the nonzero
elements of AR. If the nonzero coefficients
are at nonconsecutive lags, specify the
corresponding lags using ARLags.
The coefficients must correspond to a stable
AR polynomial.
ARLags Lags ARLags is not a model property.
corresponding Use this argument as a shortcut for
to nonzero, specifying AR when the nonzero AR
nonseasonal AR coefficients correspond to nonconsecutive
coefficients lags. For example, to specify nonzero AR
coefficients at lags 1 and 12, e.g.,
Uy = gl g
specify "ARLags”,[1,12].
Use AR and ARLags together to specify
known nonzero AR coefficients at
nonconsecutive lags. For example, if in
the given AR(12) error model with a; =
0.6 and a;, = —0.3, then specify "AR",
{0.6,-0.3},"ARLags",[1,12].
D Degree of To specify a degree of nonseasonal
nonseasonal differencing greater than zero. For example,
differencing, D
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Name

Corresponding
Model Term(s) in
Equation 4-2

When to Specify

to specify one degree of differencing, specify
*D",1.

By default, D has value O (meaning no
nonseasonal integration).

Distribution

Distribution of
the innovation
process, &

Use this argument to specify a

Student’s ¢ distribution. By default, the
innovation distribution is Gaussian.

For example, to specify a ¢ distribution

with unknown degrees of freedom, specify
"Distribution®,"t".

To specify a ¢t innovation distribution

with known degrees of freedom, assign
Distribution a structure with fields Name
and DoF. For example, for a ¢ distribution
with nine degrees of freedom, specify
"Distribution”,struct("Name®,"t","D

MA

Nonseasonal MA
coefficients: b,
bg,...,bq

To set equality constraints for the MA
coefficients. For example, to specify the MA
coefficients in the ARIMA error model

u =€ +0.5¢,_1 +0.2¢,_o,

specify "MA*® ,{0.5,0.2}.

You only need to specify the nonzero
elements of MA. If the nonzero coefficients

are at nonconsecutive lags, specify the
corresponding lags using MALags.

The coefficients must correspond to an
invertible MA polynomial.

MALags

4-14

Lags
corresponding

to nonzero,
nonseasonal MA
coefficients

MALags is not a model property.

Use this argument as a shortcut for
specifying MA when the nonzero MA
coefficients correspond to nonconsecutive
lags. For example, to specify nonzero MA

coefficients at lags 1 and 4, e.g.,

oF",9).
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Name

Corresponding
Model Term(s) in
Equation 4-2

When to Specify

ut = 8t + blgt—l + b4£t—4’
specify "MALags*®,[1,4].

+ Use MA and MALags together to specify
known nonzero MA coefficients at
nonconsecutive lags. For example, if in the
given MA(4) error model b, = 0.5 and b, =
0.2, specify "MA*® ,{0.4,0.2}, "MALags",
[1.4].

Variance

Scalar variance,
o, of the
Innovation
process, &

To set equality constraints for ¢. For
example, for an ARIMA error model with
known innovation variance 0.1, specify
"Variance®,0.1. By default, Variance has
value NaN.

Use the name-value pair arguments in the following table in conjunction with those
in Name-Value Pair Arguments for Nonseasonal ARIMA Error Models to specify the
regression components of the regression model with ARIMA errors:

yy=c+X,B+u,

aL)X1-L)P =b(L),.

Name-Value Pair Arguments for the Regression Component of the regARIMA Model

Name Corresponding  |When to Specify
Model Term(s) in
Equation 4-3

Beta Regression +  Use this argument to specify the values
coefficient of the coefficients of the predictor series.
values For example, use "Beta®,[0.5 7 -2] to
corresponding specify
to the predictor g
N B=[05 7 -2].

+ By default, Beta is an empty vector, [].
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Name Corresponding  |When to Specify
Model Term(s) in
Equation 4-3
Intercept Intercept + To set equality constraints for c. For
term for the example, for a model with no intercept term,
regression specify " Intercept”,O.
model, ¢

+ By default, Intercept has value NaN.

If the time series has seasonality s, then

The degree p, seasonal autoregressive polynomial is A(L) =1 —A L — A, L* —..— A, L.

The degree g, seasonal moving average polynomial is B(L) 1 + B ;L + ByL* +...+ B, L*.

The degree s seasonal integration polynomial is (1 — L?).

Use the name-value pair arguments in the following table in conjunction with those in
tables Name-Value Pair Arguments for Nonseasonal ARIMA Error Models and Name-
Value Pair Arguments for the Regression Component of the regARIMA Model to specify
the regression model with multiplicative seasonal ARIMA errors:

vy =c+X,B+u

a(L)1-L)P ALY1-L°) = b(L)B(L)¢,.

Name-Value Pair Arguments for Seasonal ARIMA Models

4-16

Ay, Ay, LA,

Argument Corresponding Model When to Specify
Term(s) in Equation 4-4
SAR Seasonal AR coefficients: | * To set equality constraints for the seasonal

AR coefficients.

+ Use SARLags to specify the lags of the
nonzero seasonal AR coefficients. Specify the
lags associated with the seasonal polynomials
in the periodicity of the observed data (e.g.,

4, 8,... for quarterly data, or 12, 24,... for
monthly data), and not as multiples of the
seasonality (e.g., 1, 2,...).

For example, to specify the ARIMA error
model
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Argument

Corresponding Model
Term(s) in Equation 4-4

When to Specify

(1-08L)1-0.2I1% ), =¢,,

specify
"AR",0.8,"SAR",0.2,"SARLags",12.
The coefficients must correspond to a stable
seasonal AR polynomial.

SARLags

Lags corresponding
to nonzero seasonal
AR coefficients, in
the periodicity of the
responses

SARLags is not a model property.

Use this argument when specifying SAR to
indicate the lags of the nonzero seasonal
AR coefficients. For example, to specify the
ARIMA error model

(1-a L)X1- AL, =¢,,
specify "ARLags",1, "SARLags",12.

SMA

Seasonal MA

coefficients: By, Bs,...,B,,

To set equality constraints for the seasonal
MA coefficients.

Use SMALags to specify the lags of the
nonzero seasonal MA coefficients. Specify the
lags associated with the seasonal polynomials
in the periodicity of the observed data (e.g.,

4, 8,... for quarterly data, or 12, 24,... for
monthly data), and not as multiples of the
seasonality (e.g., 1, 2,...).

For example, to specify the ARIMA error
model

u, =(1+0.6L)1+0.2L")s,,

specify

"MA®,0.6,"SMA",0.2, "SMALags" , 4.
The coefficients must correspond to an
invertible seasonal MA polynomial.

SMALags

Lags corresponding to
the nonzero seasonal
MA coefficients, in
the periodicity of the
responses

SMALags is not a model property.

Use this argument when specifying SMA to
indicate the lags of the nonzero seasonal
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Argument

Corresponding Model
Term(s) in Equation 4-4

When to Specify

MA coefficients. For example, to specify the
model

u, =(1+b, L)1+ B, L,
specify "MALags",1, "SMALags", 4.

Seasonal ity

Seasonal periodicity, s

To specify the degree of seasonal integration
s in the seasonal differencing polynomial A, =
1 - L’. For example, to specify the periodicity
for seasonal integration of quarterly data,
specify "Seasonality” ,4.

By default, Seasonal ity has value O
(meaning no periodicity nor seasonal
integration).

4-18

Note: You cannot assign values to the properties P and Q. For multiplicative ARIMA
error models,

regARIMA sets Pequaltop + D + p, + s.

regARIMA sets Q equal to g + g,

See Also
regARIMA

Related Examples
“Specify the Default Regression Model with ARIMA Errors” on page 4-20
“Modify regARIMA Model Properties” on page 4-22

“Specify Regression Models with AR Errors” on page 4-29

“Specify Regression Models with MA Errors” on page 4-35

“Specify Regression Models with ARMA Errors” on page 4-42

“Specify Regression Models with SARIMA Errors” on page 4-55
“Specify the ARIMA Error Model Innovation Distribution” on page 4-69




Specify Regression Models with ARIMA Errors Using regARIMA

More About

. “Regression Models with Time Series Errors” on page 4-6
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Specify the Default Regression Model with ARIMA Errors

This example shows how to specify the default regression model with ARIMA errors
using the shorthand ARIMA(P, I, 9) notation corresponding to the following equation:

W = C+ iy
(1= ¢1L — ¢oL? — ¢3L%) (1 — L)Puy = (1 + 6, + 6:L2) ¢,
Specify a regression model with ARIMA(3,1,2) errors.

Mdl = regARINMA(3,1,2)

Mdl =

ARIMA(3,1,2) Error Model:

Distribution: Name = "Gaussian”
Intercept: NaN

P: 4
D: 1
Q: 2
AR: {NaN NaN NaN} at Lags [1 2 3]
SAR: {}
MA: {NaN NaN} at Lags [1 2]
SMA: {}

Variance: NaN

The model specification for Mdl appears in the Command Window. By default, regARIMA
sets:

*  The autoregressive (AR) parameter values to NaN at lags [1 2 3]
*  The moving average (MA) parameter values to NaN at lags [1 2]

* The variance (Variance) of the innovation process, £t, to NaN

* The distribution (Distribution) of £t to Gaussian

* The regression model intercept to NaN

There is no regression component (Beta) by default.

The property:
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+ P =p +D, which represents the number of presample observations that the software
requires to initialize the autoregressive component of the model to perform, for
example, estimation.

* D represents the level of nonseasonal integration.

* Q represents the number of presample observations that the software requires
to initialize the moving average component of the model to perform, for example,
estimation.

Fit Mdl to data by passing it and the data into estimate. If you pass the predictor series
into estimate, then estimate estimates Beta by default.

You can modify the properties of Mdl using dot notation.
References:

Box, G. E. P., G. M. Jenkins, and G. C. Reinsel. Time Series Analysis: Forecasting and
Control. 3rd ed. Englewood Cliffs, NJ: Prentice Hall, 1994.

See Also
estimate | forecast | regARIMA | simulate

Related Examples

. “Specify Regression Models with ARIMA Errors Using regARIMA” on page 4-10
. “Modify regARIMA Model Properties” on page 4-22

. “Specify Regression Models with AR Errors” on page 4-29

. “Specify Regression Models with MA Errors” on page 4-35

. “Specify Regression Models with ARMA Errors” on page 4-42

. “Specify Regression Models with SARIMA Errors” on page 4-55

. “Specify the ARIMA Error Model Innovation Distribution” on page 4-69

More About

. “Regression Models with Time Series Errors” on page 4-6
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Modify regARIMA Model Properties

4-22

In this section...

“Modify Properties Using Dot Notation” on page 4-22
“Nonmodifiable Properties” on page 4-25

Modify Properties Using Dot Notation

If you create a regression model with ARIMA errors using regARIMA, then the software
assigns values to all of its properties. To change any of these property values, you do

not need to reconstruct the entire model. You can modify property values of an existing
model using dot notation. To access the property, type the model name, then the property
name, separated by '|.|' (a period).

Specify the regression model with ARIMA(3,1,2) errors

iy = C+ uy
(1 =L =gl —l3) (1 -L)Pu = (1+6L+0L%)¢,

Mdl = regARIMA(3,1,2);

Use cell array notation to set the autoregressive and moving average parameters to
values.

MdI.AR = {0.2 0.1 0.05};
Mdl.MA = {0.1 -0.05}
Mdll =

ARIMA(3,1,2) Error Model:

Distribution: Name = "Gaussian”
Intercept: NaN

P: 4
D: 1
Q: 2
AR: {0.2 0.1 0.05} at Lags [1 2 3]
SAR: {}
MA: {0.1 -0.05} at Lags [1 2]
SMA: {}
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Variance: NaN

Use dot notation to display the autoregressive coefficients of Mdl in the Command
Window.

ARCoeff = MdI.AR
ARCoeff =
[0.2000] [0.1000] [0.0500]

ARCoeff is a 1-by-3 cell array. Each, successive cell contains the next autoregressive
lags.

You can also add more lag coefficients.

Mdl_.MA = {0.1 -0.05 0.01}

mdl =

ARIMA(3,1,3) Error Model:

Distribution: Name = "Gaussian”
Intercept: NaN
P: 4
D: 1
Q: 3
AR: {0.2 0.1 0.05} at Lags [1 2 3]
SAR: {}
MA: {0.1 -0.05 0.01} at Lags [1 2 3]
SMA: {}
Variance: NaN

By default, the specification sets the new coefficient to the next, consecutive lag. The
addition of the new coefficient increases Q by 1.

You can specify a lag coefficient to a specific lag term by using cell indexing.

Mdl.AR{12} = 0.01

mdl =
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ARIMA(12,1,3) Error Model:

Distribution: Name = "Gaussian”
Intercept: NaN

P: 13
D: 1
Q: 3
AR: {0.2 0.1 0.05 0.01} at Lags [1 2 3 12]
SAR: {}
MA: {0.1 -0.05 0.01} at Lags [1 2 3]
SMA: {}

Variance: NaN

The autoregressive coefficient 0.01 is located at the 12th lag. Property P increases to 13
with the new specification.

Set the innovation distribution to the ¢ distribution with NaN degrees of freedom.

Distribution = struct("Name®,"t","DoF",NaN);
Mdl .Distribution = Distribution

mdl =

ARIMA(12,1,3) Error Model:

Distribution: Name = "t*, DoF = NaN
Intercept: NaN

P: 13
D: 1
Q: 3
AR: {0.2 0.1 0.05 0.01} at Lags [1 2 3 12]
SAR: {}
MA: {0.1 -0.05 0.01} at Lags [1 2 3]
SMA: {}

Variance: NaN

If DoF is NaN, then estimate estimates the degrees of freedom. For other tasks, such as
simulating or forecasting a model, you must specify a value for DoF.

To specify a regression coefficient, assign a vector to the property Beta.

Mdl.Beta = [1; 3; -5]
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Mdl =

Regression with ARIMA(12,1,3) Error Model:
Distribution: Name = "t*, DoF = NaN
Intercept: NaN
Beta: [1 3 -5]

P: 13
D: 1
Q: 3
AR: {0.2 0.1 0.05 0.01} at Lags [1 2 3 12]
SAR: {}
MA: {0.1 -0.05 0.01} at Lags [1 2 3]
SMA: {}

Variance: NaN

If you pass Mdl into estimate with the response data and three predictor series, then
the software fixes the non- | NaN | parameters at their values, and estimate Intercept,
Variance, and DoF. For example, if you want to simulate data from this model, then you
must specify Variance and DoF.

Nonmodifiable Properties

Not all properties of a regARIMA model are modifiable. To change them directly, you
must redefine the model using regARIMA. Nonmodifiable properties include:

* P, which is the compound autoregressive polynomial degree. The software determines
P from p, d, p,, and s. For details on notation, see “Regression Model with ARIMA
Time Series Errors” on page 9-887.

* Q, which is the compound moving average degree. The software determines Q from ¢
and g,

* DoF, which is the degrees of freedom for models having a ¢-distributed innovation
process

Though they are not explicitly properties, you cannot reassign or print the lag structure
using ARLags, MALags, SARLags, or SMALags. Pass these and the lag structure into
regARIMA as name-value pair arguments when you specify the model.

For example, specify a regression model with ARIMA(4,1) errors using regARIMA, where
the autoregressive coefficients occur at lags 1 and 4.

Mdl = regARIMA("ARLags",[1 4], "MALags",1)
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mdl =

ARIMA(4,0,1)

Error Model:

Distribution: Name = "Gaussian”
Intercept: NaN
P: 4
D: O
Q: 1
AR: {NaN NaN} at Lags [1 4]
SAR: {}
MA: {NaN} at Lags [1]
SMA: {}
Variance: NaN

You can produce the same results by specifying a regression model with ARMA(1,1)
errors, then adding an autoregressive coefficient at the fourth lag.

Mdl =
Mdl_AR{4} = NaN

mdl =

ARIMA(4,0,1)

regARIMA(L,

0,1);

Error Model:

Distribution: Name = "Gaussian”
Intercept: NaN
P: 4
D: O
Q: 1
AR: {NaN NaN} at Lags [1 4]
SAR: {}
MA: {NaN} at Lags [1]
SMA: {}
Variance: NaN

4-26

To change the value of DOF, you must define a new structure for the distribution, and use
dot notation to pass it into the model. For example, specify a regression model with AR(1)
errors having ¢-distributed innovations.

Mdl = regARIMA("AR",0.5, "Distribution®,"t")
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mdl =

ARIMA(1,0,0)

Distribution:
Intercept:

P:

D:

Q:

AR:

SAR:

MA:

SMA:
Variance:

Error Model:

{0.5} at Lags [1]
O
O

O
NaN

The value of DoF is NaN by default.

Specify that the ¢ distribution has 10 degrees of freedom.

Distribution = struct(“Name®,"t","DoF",10);

Mdl.Distribution

Mdl =
ARIMA(1,0,0)
Distribution:

Intercept:
P:
D:
Q:
AR
SAR
MA
SMA
Variance:
See Also

estimate | forecast

= Distribution

Error Model:

{0.5} at Lags [1]
{
{

{3
NaN

| regARIMA | simulate

Related Examples
. “Specify Regression Models with ARIMA Errors Using regARIMA” on page 4-10
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4-28

. “Specify the Default Regression Model with ARIMA Errors” on page 4-20
. “Specify Regression Models with AR Errors” on page 4-29

. “Specify Regression Models with MA Errors” on page 4-35

. “Specify Regression Models with ARMA Errors” on page 4-42

. “Specify Regression Models with SARIMA Errors” on page 4-55

. “Specify the ARIMA Error Model Innovation Distribution” on page 4-69

More About

. “Regression Models with Time Series Errors” on page 4-6
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Specify Regression Models with AR Errors

In this section...

“Default Regression Model with AR Errors” on page 4-29
“AR Error Model Without an Intercept” on page 4-30

“AR Error Model with Nonconsecutive Lags” on page 4-31

“Known Parameter Values for a Regression Model with AR Errors” on page 4-32

“Regression Model with AR Errors and t Innovations” on page 4-33

Default Regression Model with AR Errors

This example shows how to apply the shorthand regARIMA(p,D, q) syntax to specify a
regression model with AR errors.

Specify the default regression model with AR(3) errors:

h =+ X8+ uy
Uy = @ypty—) + aotly—o + aglip_3 1 Ep.

Mdl = regARIMA(3,0,0)

Mdl =

ARIMA(3,0,0) Error Model:

Distribution: Name = "Gaussian”
Intercept: NaN

P: 3
D: O
Q: O
AR: {NaN NaN NaN} at Lags [1 2 3]
SAR: {}
MA: {}
SMA: {}

Variance: NaN

The software sets the innovation distribution to Gaussian, and each parameter to NaN.
The AR coefficients are at lags 1 through 3.

4-29



4 Time Series Regression Models

4-30

Pass Mdl into estimate with data to estimate the parameters set to NaN. Though

Beta is not in the display, if you pass a matrix of predictors (-'Yr) into estimate, then
estimate estimates Beta. The estimate function infers the number of regression

coefficients in Beta from the number of columns in -%+.

Tasks such as simulation and forecasting using simulate and forecast do not
accept models with at least one NaN for a parameter value. Use dot notation to modify
parameter values.

AR Error Model Without an Intercept

This example shows how to specify a regression model with AR errors without a
regression intercept.

Specify the default regression model with AR(3) errors:

w=X)0+ uy
Uy = ayiy—1 + aaity_o + agtie—3 + £4.

Mdl = regARIMA("ARLags",1:3, "Intercept”,0)

Mdl =

ARIMA(3,0,0) Error Model:

Distribution: Name = "Gaussian”
Intercept: O

P: 3
D: O
Q: O
AR: {NaN NaN NaN} at Lags [1 2 3]
SAR: {}
MA: {}
SMA: {}

Variance: NaN

The software sets Intercept to 0, but all other parameters in Mdl are | NaN|s by
default.
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Since Intercept is not a NaN, it is an equality constraint during estimation. In other
words, if you pass Mdl and data into estimate, then estimate sets Interceptto 0
during estimation.

You can modify the properties of Mdl using dot notation.

AR Error Model with Nonconsecutive Lags

This example shows how to specify a regression model with AR errors, where the nonzero
AR terms are at nonconsecutive lags.

Specify the regression model with AR(4) errors:

w=c+ X0+ u
Uy = Aqly—1 + Qqtli—g + 53

mdl regARIMA("ARLags",[1,4])

Mdl =

ARIMA(4,0,0) Error Model:

Distribution: Name = "Gaussian”
Intercept: NaN

P: 4
D: O
Q: O
AR: {NaN NaN} at Lags [1 4]
SAR: {}
MA: {}
SMA: {}

Variance: NaN
The AR coefficients are at lags 1 and 4.

Verify that the AR coefficients at lags 2 and 3 are 0.

Mdl_AR

ans =
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[NaN] [0] [0] [NaN]

The software displays a 1-by-4 cell array. Each consecutive cell contains the
corresponding AR coefficient value.

Pass Mdl and data into estimate. The software estimates all parameters that have the
value NaN. Then, estimate holds @2 = 0 and 4 = 0 during estimation.

Known Parameter Values for a Regression Model with AR Errors

This example shows how to specify values for all parameters of a regression model with
AR errors.

Specify the regression model with AR(4) errors:
. -2
b= Xi [ 0.5 ] TV
ty = 0,20, + 01wy + £,

where £t 1s Gaussian with unit variance.

Mdl = regARIMA("AR",{0.2,0.1},"ARLags",[1,4],---

Constant®,0, "Beta”,[-2;0.5], "Variance®,1)

Mdl =

Regression with ARIMA(4,0,0) Error Model:
Distribution: Name = "Gaussian®
Intercept: O
Beta: [-2 0.5]

P: 4
D: O
Q: O
AR: {0.2 0.1} at Lags [1 4]
SAR: {}
MA: {}
SMA: {}
Variance: 1
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There are no NaN values in any Mdl properties, and therefore there is no need to estimate
Mdl using estimate. However, you can simulate or forecast responses from Mdl using
simulate or forecast.

Regression Model with AR Errors and t Innovations

This example shows how to set the innovation distribution of a regression model with AR
errors to a f distribution.

Specify the regression model with AR(4) errors:

i X, [ E-, ] T Uy

gy = 0,20 + 01wy + £,

where £t has a f distribution with the default degrees of freedom and unit variance.

Mdl = regARIMA("AR",{0.2,0.1},"ARLags",[1,4],---
"Constant®,0, "Beta”,[-2;0.5], "Variance®,1,...
"Distribution®,"t")

Mdl =

Regression with ARIMA(4,0,0) Error Model:
Distribution: Name = "t*, DoF = NaN
Intercept: O
Beta: [-2 0.5]

P: 4
D: O
Q: O
AR: {0.2 0.1} at Lags [1 4]
SAR: {}
MA: {}
SMA: {}
Variance: 1

The default degrees of freedom is NaN. If you don't know the degrees of freedom, then you
can estimate it by passing Mdl and the data to estimate.

Specify a tio distribution.
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Mdl_Distribution = struct("Name®,"t","DoF",10)

Mdl =

Regression with ARIMA(4,0,0) Error Model:
Distribution: Name = "t*, DoF = 10
Intercept: O
Beta: [-2 0.5]

P: 4
D: O
Q: 0
AR: {0.2 0.1} at Lags [1 4]
SAR: {}
MA: {}
SMA: {}

Variance: 1

You can simulate or forecast responses using simulate or forecast because Mdl is
completely specified.

In applications, such as simulation, the software normalizes the random # innovations.
In other words, Variance overrides the theoretical variance of the { random variable
(which is DoF/(DoF - 2)), but preserves the kurtosis of the distribution.

See Also

estimate | forecast | regARIMA | simulate

Related Examples

. “Specify Regression Models with ARIMA Errors Using regARIMA” on page 4-10
. “Specify the Default Regression Model with ARIMA Errors” on page 4-20

. “Specify Regression Models with MA Errors” on page 4-35

. “Specify Regression Models with ARMA Errors” on page 4-42

. “Specify Regression Models with SARIMA Errors” on page 4-55

. “Specify the ARIMA Error Model Innovation Distribution” on page 4-69

More About

. “Regression Models with Time Series Errors” on page 4-6
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Specify Regression Models with MA Errors

In this section...

“Default Regression Model with MA Errors” on page 4-35
“MA Error Model Without an Intercept” on page 4-36
“MA Error Model with Nonconsecutive Lags” on page 4-37

“Known Parameter Values for a Regression Model with MA Errors” on page 4-38

“Regression Model with MA Errors and t Innovations” on page 4-39

Default Regression Model with MA Errors

This example shows how to apply the shorthand regARIMA(p,D, Q) syntax to specify the
regression model with MA errors.

Specify the default regression model with MA(2) errors:

h =c+ X3+ uy
uy = & + g1 + bagy—2.

Mdl = regARIMA(O,0,2)

Mdl =

ARIMA(0,0,2) Error Model:

Distribution: Name = "Gaussian
Intercept: NaN

P: O
D: O
Q: 2
AR: {}
SAR: {}
MA: {NaN NaN} at Lags [1 2]
SMA: {}

Variance: NaN

The software sets each parameter to NaN, and the innovation distribution to Gaussian.
The MA coefficients are at lags 1 and 2.
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4-36

Pass Mdl into estimate with data to estimate the parameters set to NaN. Though

Beta is not in the display, if you pass a matrix of predictors (-'Yr) into estimate, then
estimate estimates Beta. The estimate function infers the number of regression

coefficients in Beta from the number of columns in -%+.

Tasks such as simulation and forecasting using simulate and forecast do not
accept models with at least one NaN for a parameter value. Use dot notation to modify
parameter values.

MA Error Model Without an Intercept

This example shows how to specify a regression model with MA errors without a
regression intercept.

Specify the default regression model with MA(2) errors:

h = X3+ uy
Uy = £y + h‘l.:_,l 1 vf.i'g;'.n @

Mdl = regARIMA("MALags®,1:2, " Intercept”,0)

Mdl =

ARIMA(0,0,2) Error Model:

Distribution: Name = "Gaussian”
Intercept: O

P: O
D: O
Q: 2
AR: {}
SAR: {}
MA: {NaN NaN} at Lags [1 2]
SMA: {}

Variance: NaN

The software sets Intercept to 0, but all other parameters in Mdl are NaN values by
default.

Since Intercept is not a NaN, it is an equality constraint during estimation. In other
words, if you pass Mdl and data into estimate, then estimate sets Interceptto 0
during estimation.
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You can modify the properties of Mdl using dot notation.

MA Error Model with Nonconsecutive Lags

This example shows how to specify a regression model with MA errors, where the
nonzero MA terms are at nonconsecutive lags.

Specify the regression model with MA(12) errors:

j‘jr =+ .t.l-i i ",l
uy = & + g1 + bizer—12.

mdl

regARIMA("MALags”®,[1, 12])

Mdl =

ARIMA(0,0,12) Error Model:

Distribution: Name = "Gaussian”
Intercept: NaN

P: O
D: O
Q: 12
AR: {}
SAR: {}
MA: {NaN NaN} at Lags [1 12]
SMA: {}

Variance: NaN
The MA coefficients are at lags 1 and 12.

Verify that the MA coefficients at lags 2 through 11 are 0.

Mdl._MA*®

ans =

[NaN]
[ O]
[ O]
[ O]
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4-38

[ O]
[ O]
[ O]
[ O]
[ O]
[ O]
[ O]
[NaN]

After applying the transpose, the software displays a 12-by-1 cell array. Each consecutive
cell contains the corresponding MA coefficient value.

Pass Mdl and data into estimate. The software estimates all parameters that have the
value NaN. Then estimate holds # =t == b11 = 0 during estimation.

Known Parameter Values for a Regression Model with MA Errors

This example shows how to specify values for all parameters of a regression model with
MA errors.

Specify the regression model with MA(2) errors:

0.5
= .‘f.l —3 = Ty
1.2
iy = E; + ﬂ.:.}:_r 1 n.-].;_f ¥y

where £t 1s Gaussian with unit variance.

Mdl = regARIMA(" Intercept®,0,"Beta”,[0.5; -3; 1.2],---
“MA®,{0.5, -0.1},"Variance®,1)

Mdl =

Regression with ARIMA(0,0,2) Error Model:
Distribution: Name = "Gaussian®
Intercept: O
Beta: [0.5 -3 1.2]
P: O
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D: O
Q: 2
AR: {}
SAR: {}
MA: {0.5 -0.1} at Lags [1 2]
SMA: {}
Variance: 1

The parameters in Mdl do not contain NaN values, and therefore there is no need to
estimate Mdl using estimate. However, you can simulate or forecast responses from
Mdl using simulate or forecast.

Regression Model with MA Errors and t Innovations

This example shows how to set the innovation distribution of a regression model with MA
errors to a ¢ distribution.

Specify the regression model with MA(2) errors:

0.5

= ..T.l -3 = Ut
1.2

tiy = &f + ﬂ.:.}:'r 1 n.].;'f 2y

F

where £t has a ¢ distribution with the default degrees of freedom and unit variance.

mdl

regARIMA(" Intercept”,0, "Beta®,[0.5; -3; 1.2],--.
MA®,{0.5, -0.1},"Variance®,1, "Distribution®,"t")

Mdl =

Regression with ARIMA(0,0,2) Error Model:
Distribution: Name = "t*, DoF = NaN
Intercept: O
Beta: [0.5 -3 1.2]

P: O
D: O
Q: 2
AR: {}
SAR: {}
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MA: {0.5 -0.1} at Lags [1 2]
SMA: {}
Variance: 1

The default degrees of freedom is NaN. If you don't know the degrees of freedom, then you

can estimate it by passing Mdl and the data to estimate.
Specify a 13 distribution.

Mdl.Distribution = struct("Name®,"t","DoF",15)

Mdl =

Regression with ARIMA(0,0,2) Error Model:

Distribution: Name = "t*, DoF = 15
Intercept: O
Beta: [0.5 -3 1.2]

P- O
D: O
Q: 2
AR: {}
SAR: {}

MA: {0.5 -0.1} at Lags [1 2]
SMA: {}
Variance: 1

You can simulate and forecast responses from by passing Mdl to simulate or forecast
because Md1l is completely specified.

In applications, such as simulation, the software normalizes the random ¢ innovations.
In other words, Variance overrides the theoretical variance of the ¢t random variable
(which 1s DoF/(DoF - 2)), but preserves the kurtosis of the distribution.

See Also

estimate | forecast | regARIMA | simulate

Related Examples
. “Specify Regression Models with ARIMA Errors Using regARIMA” on page 4-10
. “Specify the Default Regression Model with ARIMA Errors” on page 4-20
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. “Specify Regression Models with AR Errors” on page 4-29

. “Specify Regression Models with ARMA Errors” on page 4-42

. “Specify Regression Models with SARIMA Errors” on page 4-55

. “Specify the ARIMA Error Model Innovation Distribution” on page 4-69

More About

. “Regression Models with Time Series Errors” on page 4-6
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Specify Regression Models with ARMA Errors

In this section...

“Default Regression Model with ARMA Errors” on page 4-42

“ARMA Error Model Without an Intercept” on page 4-43

“ARMA Error Model with Nonconsecutive Lags” on page 4-44

“Known Parameter Values for a Regression Model with ARMA Errors” on page 4-44

“Regression Model with ARMA Errors and t Innovations” on page 4-45

Default Regression Model with ARMA Errors

This example shows how to apply the shorthand regARIMA(p,D, Q) syntax to specify the
regression model with ARMA errors.

Specify the default regression model with ARMA(3,2) errors:

h = e+ X8+ uy
Uy = aptl—y + dottp_2 + agtie_z + £ + bygi_y + bagy_a.

Mdl = regARIMA(3,0,2)

Mdl =

ARIMA(3,0,2) Error Model:

Distribution: Name = "Gaussian”
Intercept: NaN

P: 3
D: O
Q: 2
AR: {NaN NaN NaN} at Lags [1 2 3]
SAR: {}
MA: {NaN NaN} at Lags [1 2]
SMA: {}

Variance: NaN

The software sets each parameter to NaN, and the innovation distribution to Gaussian.
The AR coefficients are at lags 1 through 3, and the MA coefficients are at lags 1 and 2.
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Pass Md1 into estimate with data to estimate the parameters set to NaN. The regARIMA

model sets Beta to [] and does not display it. If you pass a matrix of predictors (-Yr) into
estimate, then estimate estimates Beta. The estimate function infers the number of

regression coefficients in Beta from the number of columns in X

Tasks such as simulation and forecasting using simulate and forecast do not
accept models with at least one NaN for a parameter value. Use dot notation to modify
parameter values.

ARMA Error Model Without an Intercept

This example shows how to specify a regression model with ARMA errors without a
regression intercept.

Specify the default regression model with ARMA(3,2) errors:

= A0 + uy
Uy = aptl—y + dottp_2 + agtie_z + £ + bygi_y + bagy_a.

Mdl = regARIMA("ARLags",1:3,"MALags",1:2, " Intercept”,0)

Mdl =

ARIMA(3,0,2) Error Model:

Distribution: Name = "Gaussian”
Intercept: O

P: 3
D: O
Q: 2
AR: {NaN NaN NaN} at Lags [1 2 3]
SAR: {}
MA: {NaN NaN} at Lags [1 2]
SMA: {}

Variance: NaN

The software sets Intercept to 0, but all other parameters in Mdl are NaN values by
default.

Since Intercept is not a NaN, it is an equality constraint during estimation. In other
words, if you pass Mdl and data into estimate, then estimate sets Interceptto 0
during estimation.
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You can modify the properties of Mdl using dot notation.

ARMA Error Model with Nonconsecutive Lags

This example shows how to specify a regression model with ARMA errors, where the
nonzero ARMA terms are at nonconsecutive lags.

Specify the regression model with ARMA(8,4) errors:

h =c+ X3+ uy
ty = ] + aqity + agug + £ + sy + bysi_y.

Mdl = regARIMA("ARLags",[1,4,8],"MALags",[1,4])

Mdl =

ARIMA(8,0,4) Error Model:

Distribution: Name = "Gaussian”
Intercept: NaN

P: 8
D: O
Q: 4
AR: {NaN NaN NaN} at Lags [1 4 8]
SAR: {}
MA: {NaN NaN} at Lags [1 4]
SMA: {}

Variance: NaN

The AR coefficients are at lags 1, 4, and 8, and the MA coefficients are at lags 1 and 4.
The software sets the interim lags to 0.

Pass Mdl and data into estimate. The software estimates all parameters that have the
value NaN. Then estimate holds all interim lag coefficients to 0 during estimation.

Known Parameter Values for a Regression Model with ARMA Errors

This example shows how to specify values for all parameters of a regression model with
ARMA errors.
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Specify the regression model with ARMA(3,2) errors:
. 2.5
b= X [ 0.6 } T
U, = [].T”.I | [].3“.1 9 =+ '[].lu.- a4 E; < ”.r]:__r 1 + [J.'E;', Iy

where £t 1s Gaussian with unit variance.

Mdl = regARIMA(" Intercept®,0,"Beta”,[2.5; -0.6],.-.
"AR",{0.7, -0.3, 0.1},"MA",{0.5, 0.2}, Variance",1)

Mdl =

Regression with ARIMA(3,0,2) Error Model:
Distribution: Name = "Gaussian®
Intercept: O
Beta: [2.5 -0.6]

P: 3
D: O
Q: 2
AR: {0.7 -0.3 0.1} at Lags [1 2 3]
SAR: {}
MA: {0.5 0.2} at Lags [1 2]
SMA: {}
Variance: 1

The parameters in Mdl do not contain NaN values, and therefore there is no need to
estimate Mdl using estimate. However, you can simulate or forecast responses from
MdI using simulate or forecast.

Regression Model with ARMA Errors and t Innovations

This example shows how to set the innovation distribution of a regression model with
ARMA errors to a ¢ distribution.

Specify the regression model with ARMA(3,2) errors:

[ 25
L "'”[ [;.GJ+”’

U, = [].T”.I | [].3“.1 3 = '[].lu.- 34 E; + ”.!‘]:__r i <+ [J.E;_.; By
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where £t has a ¢ distribution with the default degrees of freedom and unit variance.

Mdl = regARIMA(" Intercept®,0,"Beta”,[2.5; -0.6],---
"AR",{0.7, -0.3, 0.1}, MA",{0.5, 0.2}, "Variance",1,...
"Distribution®,"t")

mdl

Regression with ARIMA(3,0,2) Error Model:
Distribution: Name = "t*, DoF = NaN
Intercept: O
Beta: [2.5 -0.6]
P: 3
D: O
Q: 2
AR: {0.7 -0.3 0.1} at Lags [1 2 3]
SAR: {}
MA: {0.5 0.2} at Lags [1 2]
SMA: {}
Variance: 1

The default degrees of freedom is NaN. If you don't know the degrees of freedom, then you
can estimate it by passing Mdl and the data to estimate.

Specify a ti distribution.

Mdl .Distribution = struct("Name®,"t","DoF",5)

mdl =

Regression with ARIMA(3,0,2) Error Model:
Distribution: Name = "t*, DoF = 5
Intercept: O
Beta: [2.5 -0.6]
P: 3
D: O
Q: 2
AR: {0.7 -0.3 0.1} at Lags [1 2 3]
SAR: {}
MA: {0.5 0.2} at Lags [1 2]
SMA: {}
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Variance: 1

You can simulate or forecast responses from Mdl using simulate or forecast because
Mdl is completely specified.

In applications, such as simulation, the software normalizes the random ¢ innovations.
In other words, Variance overrides the theoretical variance of the ¢t random variable
(which 1s DoF/(DoF - 2)), but preserves the kurtosis of the distribution.

See Also
estimate | forecast | regARIMA | simulate

Related Examples

. “Specify Regression Models with ARIMA Errors Using regARIMA” on page 4-10
. “Specify the Default Regression Model with ARIMA Errors” on page 4-20

. “Specify Regression Models with AR Errors” on page 4-29

. “Specify Regression Models with MA Errors” on page 4-35

. “Specify Regression Models with ARIMA Errors” on page 4-48

. “Specify Regression Models with SARIMA Errors” on page 4-55

. “Specify the ARIMA Error Model Innovation Distribution” on page 4-69

More About

. “Regression Models with Time Series Errors” on page 4-6
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Specify Regression Models with ARIMA Errors

In this section...

“Default Regression Model with ARIMA Errors” on page 4-48

“ARIMA Error Model Without an Intercept” on page 4-49

“ARIMA Error Model with Nonconsecutive Lags” on page 4-50

“Known Parameter Values for a Regression Model with ARIMA Errors” on page 4-51

“Regression Model with ARIMA Errors and t Innovations” on page 4-52

Default Regression Model with ARIMA Errors

This example shows how to apply the shorthand regARIMA(p,D, Q) syntax to specify the
regression model with ARIMA errors.

Specify the default regression model with ARIMA(3,1,2) errors:

h=c b X3 4 1y
(1= L asl? u:;L'i]I (1=L)w=(14bLH E}JL?J«:FJ.-

Mdl = regARIMA(3,1,2)

Mdl =

ARIMA(3,1,2) Error Model:
Distribution: Name = "Gaussian”
Intercept: NaN
P: 4
D: 1
Q: 2
AR: {NaN NaN NaN} at Lags [1 2 3]
SAR: {}
MA: {NaN NaN} at Lags [1 2]
SMA: {}
Variance: NaN

The software sets each parameter to NaN, and the innovation distribution to Gaussian.
The AR coefficients are at lags 1 through 3, and the MA coefficients are at lags 1 and
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2. The property P =p + D = 3 + 1 = 4. Therefore, the software requires at least four
presample values to initialize the time series.

Pass Md1 into estimate with data to estimate the parameters set to NaN. The regARIMA

model sets Beta to [] and does not display it. If you pass a matrix of predictors (.'-'L',) into
estimate, then estimate estimates Beta. The estimate function infers the number of

regression coefficients in Beta from the number of columns in X,

Tasks such as simulation and forecasting using simulate and forecast do not
accept models with at least one NaN for a parameter value. Use dot notation to modify
parameter values.

Be aware that the regression model intercept (Intercept) is not identifiable in
regression models with ARIMA errors. If you want to estimate Mdl, then you must
set Intercept to a value using, for example, dot notation. Otherwise, estimate might
return a spurious estimate of Intercept.

ARIMA Error Model Without an Intercept

This example shows how to specify a regression model with ARIMA errors without a
regression intercept.

Specify the default regression model with ARIMA(3,1,2) errors:

U = X3 4 1y
(1= L asl? u:;L'i]I (1=L)w=(14bLH E}JL?J«:-_I.-

Mdl = regARIMA("ARLags",1:3,"MALags",1:2,"D",1, " Intercept”,0)

Mdl =

ARIMA(3,1,2) Error Model:

Distribution: Name = "Gaussian”
Intercept: O

P: 4
D: 1
Q: 2

AR: {NaN NaN NaN} at Lags [1 2 3]
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SAR: {}
MA: {NaN NaN} at Lags [1 2]
SMA: {}

Variance: NaN

The software sets Intercept to 0, but all other parameters in Mdl are NaN values by
default.

Since Intercept is not a NaN, it is an equality constraint during estimation. In other
words, if you pass Mdl and data into estimate, then estimate sets Interceptto 0
during estimation.

In general, if you want to use estimate to estimate a regression models with ARIMA
errors where D > 0 or s > 0, then you must set Intercept to a value before estimation.

You can modify the properties of Mdl using dot notation.

ARIMA Error Model with Nonconsecutive Lags

This example shows how to specify a regression model with ARIMA errors, where the
nonzero AR and MA terms are at nonconsecutive lags.

Specify the regression model with ARIMA(8,1,4) errors:

=X, 3+,
(1—ayL—ayl? — ae L)1 — L)y = (1 4+ 5 L 4 h.;L]J;‘.«,

Mdl = regARIMA("ARLags",[1,4,8],°D",1, MALags",[1.4]. ...

Intercept”,0)

Mdl =

ARIMA(8,1,4) Error Model:

Distribution: Name = "Gaussian”
Intercept: O

P: 9

D: 1

Q: 4

AR: {NaN NaN NaN} at Lags [1 4 8]
SAR: {}
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MA: {NaN NaN} at Lags [1 4]
SMA: {}
Variance: NaN

The AR coefficients are at lags 1, 4, and 8, and the MA coefficients are at lags 1 and 4.
The software sets the interim lags to 0.

Pass Mdl and data into estimate. The software estimates all parameters that have the

value NaN. Then estimate holds all interim lag coefficients to 0 during estimation.

Known Parameter Values for a Regression Model with ARIMA Errors

This example shows how to specify values for all parameters of a regression model with
ARIMA errors.

Specify the regression model with ARIMA(3,1,2) errors:

| 20
n =X 0.6

(1 -0.7L +0.3L% —0.1L%) (1 — L)u; = (1 + 0.5L + 0.2L%) g4,

+ 1wy

where £t 1s Gaussian with unit variance.

Mdl = regARIMA(" Intercept®,0,"Beta”,[2.5; -0.6],---
"AR",{0.7, -0.3, 0.1},"MA",{0.5, 0.2},...
"Variance®,1,"D",1)

Mdl =

Regression with ARIMA(3,1,2) Error Model:
Distribution: Name = "Gaussian®
Intercept: O
Beta: [2.5 -0.6]

P: 4
D: 1
Q: 2
AR: {0.7 -0.3 0.1} at Lags [1 2 3]
SAR: {}
MA: {0.5 0.2} at Lags [1 2]
SMA: {}
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Variance: 1

The parameters in Mdl do not contain NaN values, and therefore there is no need
to estimate it. However, you can simulate or forecast responses by passing Mdl to
simulate or forecast.

Regression Model with ARIMA Errors and t Innovations

This example shows how to set the innovation distribution of a regression model with
ARIMA errors to a ¢ distribution.

Specify the regression model with ARIMA(3,1,2) errors:

w=X| Z06
(1 -0.7L + 0.3L% —0.1L%) (1 — L) uy = (1 + 0.5L + 0.2L%) &4,

+ 1

where £t has a ¢ distribution with the default degrees of freedom and unit variance.

Mdl = regARIMA(" Intercept®,0,"Beta”,[2.5; -0.6],.-.
*AR",{0.7, -0.3, 0.1},"MA",{0.5, 0.2}, Variance",1,...
"Distribution®,"t","D",1)

Mdl =

Regression with ARIMA(3,1,2) Error Model:
Distribution: Name = "t*, DoF = NaN
Intercept: O
Beta: [2.5 -0.6]

P: 4
D: 1
Q: 2
AR: {0.7 -0.3 0.1} at Lags [1 2 3]
SAR: {}
MA: {0.5 0.2} at Lags [1 2]
SMA: {}
Variance: 1

The default degrees of freedom is NaN. If you don't know the degrees of freedom, then you
can estimate it by passing Mdl and the data to estimate.
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Specify a tio distribution.

Mdl.Distribution

Mdl =

= struct("Name","t","DoF",10)

Regression with ARIMA(3,1,2) Error Model:

Distribution:
Intercept:
Beta:

P:

D:

Q:

AR:

SAR:

MA:

SMA:
Variance:

[2.5 -0.6]

4

1

2

{0.7 -0.3 0.1} at Lags [1 2 3]
{3

{0.5 0.2} at Lags [1 2]

O
1

You can simulate or forecast responses by passing Mdl to simulate or forecast
because Md 1 is completely specified.

In applications, such as simulation, the software normalizes the random ¢ innovations.
In other words, Variance overrides the theoretical variance of the ¢t random variable

(which is DoF/(DoF -

See Also

2)), but preserves the kurtosis of the distribution.

estimate | forecast | regARIMA | simulate

Related Examples

. “Specify Regression Models with ARIMA Errors Using regARIMA” on page 4-10
. “Specify the Default Regression Model with ARIMA Errors” on page 4-20

. “Specify Regression Models with AR Errors” on page 4-29

. “Specify Regression Models with MA Errors” on page 4-35

. “Specify Regression Models with ARMA Errors” on page 4-42
. “Specify Regression Models with SARIMA Errors” on page 4-55
. “Specify the ARIMA Error Model Innovation Distribution” on page 4-69
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More About

. “Regression Models with Time Series Errors” on page 4-6
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Specify Regression Models with SARIMA Errors

In this section...
“SARMA Error Model Without an Intercept” on page 4-55

“Known Parameter Values for a Regression Model with SARIMA Errors” on page
4-56

“Regression Model with SARIMA Errors and t Innovations” on page 4-57

S